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FOREWORD 


The present monograph is an exposition of a new theory of many 
particles, developed by the author and his students. The book general¬ 
izes work of the author previously published in the periodical press. 
The monograph is designed for theoretical and experimental physicists. 

The basic problems of the theory expounded here arose in the course 
of an investigation into the property of many-electron systems, an 
important place among which is taken by what is called electron plasma. 
Such systems have special properties, which required the elaboration 
of a method that took into account not only “near" interactions (at 
distances smaller than the mean distance between particles), but also 
“distant” interactions, operating at distances greater than the magni¬ 
tude in question. A particular method for calculating these interactions 
proved to be extremely accurate in expressing the fundamental prop¬ 
erties of many-electron systems. On the basis of the proposed method, 
it was found possible to explain a large number of the observed phe¬ 
nomena. The principal superiority of this method consisted in its 
comparative simplicity and effectiveness. 

In the course of working these questions out, the problem arose as 
to the interrelationship between the distant and near interactions. The 
distant interactions express the connection of each particle with the 
entire ensemble as a whole. On the contrary, the near interactions are 
usually calculated with the help of the method of “collisions,” employed 
in classical kinetic theory of gases. The distinguishing feature of this 
method is that only the interactions are taken into account that arise 
between two colliding particles. 

Is it possible, by means of a systematic calculation of double, 
triple, quadruple, etc. collisions, finally to obtain the distant interac¬ 
tions in an ensemble of particles? Does the method based on calculating 
the distant interactions include the ordinary method of collisions as a 
particular or limiting case? This problem proved to be a complicated 
one. In the first place, there arose the question of the presence, the role 
and the correct calculation of the distant interactions for neutral 
particles as well. Application of this method to systems of neutral 
particles led to a definite success, since the problem of the nature of the 






X possible to discover a number of characteristic properti 
propagation of waves in a system of many particles. 

Introducing the distant interactions for an ensemble of neutral 
particles made the problem raised above sharper. In point of^ fact 
collision conceptions proved to be thoroughly applicable in he case f 
neutral particles, and the method proposed was based exclusively on 
the equation of continuity and on the integral method of calculating 
the interactions. This method did not seem clearly 10 conta.n impact 
conceptions. Its greater generality only emerged gradually. 

The second stage in the development of the theory consisted in 
attempts to supply a basis for this method, starting with a precise 
formulation of the n-body problem in Gibbs’ statistical mechanics and 
quantum mechanics. Physical and mathematical analysis of this prob¬ 
lem showed that a complete derivation of the proposed method from 
the theories mentioned above is impossible. This was connected with 
the presence of a number of difficulties in the theories mentioned, and 
likewise with the physical elements contained in the method in ques¬ 
tion. For example, attempts to include electrodynamic interactions 
in the statistical mechanics of many particles, on the basis of Liou- 
ville’s theorem, lead to difficulties connected with the localization of 
charged particles. The method set forth, on the other hand, arose in 
the course of a study of an ensemble of electrons, and does not contain 
difficulties of this nature. Another difficulty of classical and statistical 
mechanics consists in the impossibility of obtaining from those theories 
the mere fact of the formation of the crystal structure from a liquid 
upon continuous decrease of temperature. This circumstance clearly 
indicates that the apparatus of statistical mechanics fails to take fully 
into account the effects of collective interaction. Quantum mechanics 
is likewise not in a position to answer this question. From the mathe¬ 
matical point of view, this follows from the fact that the equations of 
quantum mechanics do not lead to "branching" solutions, which play 
a great part in the theory set forth. This relates equally to the approxi¬ 
mate quantum-mechanics method, known as the method of the self- 
consistent field. 

f t , TheSe “"“derations led the author to feel that the method set 
forth is qualitatively new. 

euidin'l!* T trU f i0n ° f tHe the0ry ’ three factore seemed to be the 
guiding ones from the point of view of methodology. 



1) Abandonment of a strictly localized description of micropar¬ 
ticles. The conception of a particle is a point conserving this prop¬ 
erty independently of any connection with the medium and other 
particles is only an approximate reflection of the reality. At the pres¬ 
ent time, both the experimental facts and the internal difficulties of 
existing theories make it essential to create a theory based on a new 
treatment of the concept of the particle. In particular, the theory 
should express independence ox the extension of the particle on the 
physical conditions encountered by the particle. 

2) A new approach to the concept of the closure of a physical 
system. It seems to us that in essence there is even in the existing 
theories a departure from the concept of closure in the sense of clas¬ 
sical mechanics (the apparatus of statistical and quantum mechanics I. 
The particle dynamics developed in this book is characterized by a 
special method of calculating the connection of the particle with the 
surrounding medium. Thanks to this, the concept of closure acquires 
a new sense. The transition to classical theories here is linked with the 
introduction of certain limitations to this connection. 

3) The attempt to construct a theory in which motion would be 
an inseparable property o ' the object, and would not be the result of 
the action of any “sources" (forces — in classical mechanics, the heat 
reservoir — in statistics, charges and currents — in electrodynamics). 
The effect of sources of this nature is that in essence the motion is 
introduced into the physical system from without. The idea in question 
is realized in the present theory by having each particle described by 
an extended function of the space distribution of coordinates and 
velocities. 

It should be stressed that the present theory is not in contradic¬ 
tion to the classic theories, but makes it possible to set more precisely 
the boundaries within which they apply. For example, it is explained 
in what cases the classical concepts of the localized particle, the closed 
system, etc. are applicable, and in what cases they lose their meaning 
and should be rendered more general. We shall see that the equations 
of classical mechanics, and in a certain sense, those of statistics as 






1 The vibration properties of many-electron ensembles have been 
studied in detail, and a number of phenomena considered for which 
these properties may be considered as decisive. 

2. Various means of exciting characteristic oscillations in the 
plasma have been proposed and analyzed. 

3. An explanation of the layers has been given. 

4. An explanation has been given of the nature of crystallization 
and some new properties of the crystal indicated. 

5. The existence has been shown of an effect of sudden appearance 
of sound, if the medium is sufficiently dense and the temperature suf¬ 
ficiently low. 

6. The existence has been shown of certain velocities of sound in 
sets of interacting particles, if the forces of repulsion dominate over 
the forces of attraction. 

7. An analysis was given of the role of interactions between 
electrons in electron-discharge tubes. 

In conclusion, I feel it my duty to express my thanks to my stu¬ 
dents A. G. Pereleshin, V. A. Yakovlev, A. A. Luchina, I. P. Bazarov, 
N. I. Goldman, K. S. Tokareva, and G. M. Myashkev, who took part 
in working out particular questions of theory, and likewise to V. T. 
Khozyairov, who gave great help in preparing the book for the press. 

A. Vlasov 
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he ionosphere N 10 6 el/c* 3 , we assume T 
n obtain the following values for sphere of action 
ee path 1 and the frequency of collisions ** .: 



require that the acceleration be determined by the strains in the electric 
and iragnetic fields, which in turn are conditioned by the values of f at al 


*=■;;(«+7 [«*)). 

dlv«=4itp; rot A — = 

p = ef/dv; j^tfv/dv. 


ie charge and current densities are defined 
in values* If ^ is any Magnitude connecte 
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ity equation (one of the 
) in the general form 

[ = div,r/+dlv r *f4-dlv,w/+ ... 



P = 2<\ H'-r, m 
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( 2 . 2 ) 


c equation with distant-acting f 


(r, n = J M |r — r'| | J/(r',o'i 


This eqiation corresponds to equation (l.lt) for the case of charged pari 
In studying It we therefore follow the same path as Sec. 1. 

WtBt is the specific nature of the problem arising in connection w 
equation (2.3)7 

Equation (2.3) includes simultaneously interaction of two differen 
impact and Integral interactions. Undoubtedly both of these types must 
in real systems. However, eqvation (2.3) does not answer the question 
under vtat circumstances one type occurs, and under vtat circumstances ' 


enow the simultaneous presence i 
integral term, calculation is n 
both large and as small as desi 


.stances, both large and as snail as desired. This 

jy, and the Integration is over all distances. Con- 
lteractlon terms in eqxation (2.3) signifies simultane 
5n of one and the same physical ffcct In different terw 
ion, which seems unreasonable. 


* distant collective one 
the articles of 1938 and 




































particles interacting not only with electrodynamic forces, but also with 
forces of sorae other arbitrary nature, should be described by the following 
system of equations: 

-% = dlv,.p/ + div„ J- [ - grad £ (« + 7 (•*]) }/, 

V (r, /) = J K (I r - r' |) J /(/■', ®\ f) dr' dc\ 

div e — ir.e | fdv; rol h — ^ ^ = dee j" vf dv 
(dlvA—0, rote + ~ = 0). 

We indicate the fundamental properties of these equations. 

1. Equations (3.2) are valid for any number of similar particles and 
apply even for a single particle. 


(3.2) 














































which arc not inherent in it intrinsically! 

1) The vanishing of the surfttce Integrals of the type 

I dlv,o,/ (1.2, iU-~, d->; f div,. ± v, ( K„ + K,, + K ,,,) , 

Jdlv,Oi/(1,2, .I)*,*,; j'dlv,, Jj- V, l/fj, + 

2) The condition of the multiplicative nature of the distribution 
function 

rtl. 2. 3) -f(l)f(2)f(3), 

3) The nonslization condition 


J/i (i) d- t = 





w —ri (<h)Ft(q t )}dq t d<i 


e number of particles in the region V (y»G) and 

[7 d®.; r, (ft) = J7 dv t ; f„ (ft?,) - J/ / (i. 2) rf®, <<«„ 


function of distribution, depending exclusively 

























above (Sec. 3) In generalizing this method to electrodynamlc systems. 

In the ecpation of continuity (!i.7), the effect of powerful interaction 
among particles Is defined by expressions of the form 


d 'Vr,®D(l, 2, .... ,V). 

spirit of electron theory. It Is natural to write, instead of 






























erBine for wmt physical £"35?* 

simplicity's sake the ca»_ indepen( , e nt of permutation of the 
"initial function n my of the quint it les of additive type 


arguments. Then, for 


A~ 2 - 4(0 


A-= f 0(1. 2.*»“ 

(4.17) 


of the symmetry of function D with respect to permutetl: 
Torirti^aSendlng only on pairs of arguments *(1. > 
(binary type), we have: 


D- 


>f this nagnltude will be defined as: 

A=. V(V ~ -J/(l, 2)A(1, 2)dti<7t,. (4.H) 

Among the binary nagnltudes Is the potential energy of the practice 
tween two particles A.(|r, — r,|i . The mean value of this nagnltude i« 

ing of S similar particles must be, on the basis of tU. 107« 

W(A^-1)— r,|)J7(l, 2)*,*,= (4.19) 


Where integration Is over the six-dimenslonal space of each particle 

Accordingly, the mean potential energy of interaction (according ti 
Ideas of Gibbs' statistics, the nacroscoplcally observable energy) Is 
expressed by the binary function f(l, 2). 















as to the unlforn distribution of the nan klnetir <• ,, ... . 

density, which Is a ( 5 .l). 












eqtations. Thus, for instance, the eqmtlcn for distant interactions has the 
ix'/tvf — ^ dlv, V, Jk(| r — r' \)/(r' t dv •/ = «. (5.U 


The analogous eqt^tion In Gibbs' statistics is 


dlv r ,V — idl».,V r ,J K(1 r, — r,|)/(l,2)dr,d®, = 0. (5,5) 


s periodic solutions, (5.5) a 


/(1.2>=/(l>/(2), 

“sov, Uch. Zplskl MGU (fisiha) Jl, » 












/(l,2)=/(l)/(2)0(|r 1 -r„|), ( j 

»H i) 

0(|r, —r,D = t “ ,a an arbitrary constant, 
rhen, substitution of (5.7) In (5.5) givesi 

V - I / K(l'i—r,l)/(r a , v,,t)e « dr,dv t = 

" V I dr,dv. t . 


tw£r?cV°" b ! n3 (5 - 7) ■»" (5.8) ve t*ve once again an emstlon o 
the for. IS.I,), only with a different kernel K+» ^ 


Tyabllkov Polished an art 
™1 f0n " in5te » d 01 (5.5), assuming 


-r'|)a(:r,-r lD = r , fg a( r)dr, 


Jr r,) ~ I iF 


s' I^b S mov J °7h. t. ^ & «0 (191,5). 





conclusion Is Incorrect. 

a. The ftict Is that If ve remln on the positions of Gibbs' aethod- 
the periodicity of the function 

/(l) = Jo(1.2, 


cannot be explained fron the physical point of view. The periodicity of 
fmotion f( 1) would signify adopting radical assumptions ttat are unknown 
Olbbs' statistical classical mechanics. Actielly, (il)<lr, is the 
probability that the particle is in the space element of volume dr,. The 
periodicity of function f(l) would signify the possibility that the atm 
be simultaneously at all the Intersections of the lattice. Such a result 








































hold that in general abandcxiaent of the principle o 
expression for the potential energy is only an appr 
the expression of a new theory. 


derived from the variation principle 


of qmntta mechanics (for example, equation (6.2) my be 


it is easy to prove that equation (6.« Is equivalent t 


(the transition from formula (6 hi to , t, 

operator H be self-con Jugate.) W * f ™ la (6 - S ) requires only that 


'■ Zs - f - Phys. 61, 







J </r,S'4'(r,)J •>" W |W, 4-Hj-i-K (If 

+ f J V* < 


—E} .V, (r,)-Vi( ,, .,l </f. = °- 


The internal Integrals »y be written asi 
t§j tl 4-o.,(r,)‘V,—£|V’ W 1 , v.j 4 " 


0„l 

£, = £- J'V‘(r 


J — r,!) 1r* •>» ‘ ,r w 

, f Kl.r,-',\V»<rJW' )ltr ■ 


In this way, we have i 

4- Jrfr.^MIMs-r 0„-E,l V'i = °- 


(6.4) 


The last step In Fock«s 
Independence of 3-j,* 


discussion consist. In the postulation 
and a-v! » » hlch 


of the 


|W,4-0..- £ i'' t,-°- l 
|W,4 0,1 —£,I I 


U3 


(6.7) 




(6.9) 




and stellar!y for the second particle 


1 J K (i -v,-x,|i f(x,\e,\x])Hxl- 


(6.9a) 


The egression 


JVl P.l^)« (x',-x;j rfx,' -.(x)) (6.9b) 


Is the analogue of the space density probability. Eqnticns (6.9) and 
(6.9a) are an expression of Hartree's aethod. 

To pass fron equation (6.9) to equation (6.1), we esploy Blokhlntsev's 
Mtrlces* and his aethod for passing fron qtantua to classical ensesfcles. 

The mitrlx eleaents of these aatrlces R(x, p), H(x, p) are defined 
as Fourier cosiponents In expressions of the following fans 


(* I Pi !•*')= f/?i(r. — d P' 

{x | H, | *') = J‘ H, (x. - ip- 


resslon In (6.9) and (6.9*), we obtains 


«J^-- 

-///{"•('■"')- 


(6.10) 


■ analogous expression} (6.11) 

and similarly for the second particle. 

Expression (6.9b) goes over Into 

J (*' I P, I *•) * <*' - x") <*'• rt & - 1 • (Ar,) - (6 - 12) 


"d." Blokhlntsev, Journ. of Phys. USS 2, 71 {19JiO). 



Multiplying (6.11) by 


and integrating for dx*, 


in <*./>- 


Or, setting 


P "~p = -n. 

we obtain, flnallyi 

i/I ^-J J ^ ; | + 5, P) «, (^. /> + ’I) ~ 

-/? l (* + t,p)// 1 (jr.p + T,)|. (6-13) 

«.(*.P) = |r l -t- / /CdJr—jc'|) P)*%£ 

and slcllarly fee the second particle with Rj(x, p)). 

Following Blokhlntsev, we expand the expression (Wider the integral sign 
in (6.13) into a series by powers of £ and rj , and obtain) 


■^+fK0*-x'l) f R t (x\ p) 


(6. Hi) 


(and similarly for the seooid particle with R 2 and H 2 ). If we celt all the 
terns containing h, and postulate) 

l Z R.U. ,,W. 2,» fl „ =li2)i 

then we obtain egiaticn (6.1), 















































write this eqiBtitn in the follcving form: 


a p „._ 

'*T»- ' ■ 

+ (JV( | X — *'I ),V— I* A'(I Jr' — -V | ) >,, itxj , 


( 6,1 


Eqiatian (6.18) has a trivial solution, corresponding to a uniform distribu¬ 
tion of the particles 


(6,r 


/*(!*- 


I)dx'= J i )x' x\)ttx = const. 


( 6.1 


He shall 


solution of eqimtion (6.18) In the form 


a linear approximticn, we have: 


//!*»■ h'(d' d>\ 

n Si -+ 

+ (| * (!*-*',) a,.,. d*'_ J /f ((x'- x |) o„ dx) Po . (6,211 






solution of the form exp (it 
nt that periodicity of this I 
i«stals~, and is an expression of the presence < 
articles* not subject to the Influence of the I 
Je alvays present In the Hartree-Fock equation, 
e( pBtlon (6.15). 

This example shows that the Hartree-Fock m 
multiplicity of solutions of our eqvetlon. 


x - x') with any 
nd has nothing li 
free translate 


d does not exhaust tl 


6. We now shou tlot It Is possible to generalize the Hartree-Fock 
equation in such a way as to obtain a result approaching our periodic solutlms. 
(See Part IX, Chapter I). 

To this end, we observe, in the first place, that Hartree's eqtsticns 
(6.18) include a functional interaction of the fora: 


V(x) = f K(lx-x'l)p*„dx'. 


In this way, the potential energy V(x) is connected solely with the 
diagonal elements of the setrix of density f . ¥e take a generalizing step, 
Including in our expressions the nondiagonel element as well, introducing 
Instead of integrals 


J K{\x-x'\)p x .*dx’ 
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K(\x' — x\)?**dx 


+ fK(\x—x'\),- x .dx' “ d —')—• 

in which case we have: 

+ ( < 6 - 23) 


5i 



Linearizing this eq<Btic 


_i_( f#f(|r —_.f A ' (|jr _X * 


■**V 


( 6 . 21 ,) 


Eqtetion (6.21,) has a solution of the form 


and for aix) we obtain, for >’ldt = 0 I 




(6.25) 


where C Is an arbitrary constant, appearing as the result of the setaraticn 
of variables. A completely analogous eqtatlon applies for <r + (x>) as well. 
The eqratlon obtained has a solution of the type exp(lkx), where k is subject 
to a definite condition. In point of fact, if we substitute function 

e ilo< in equation (6.25) instead of <"(x), we havet 



or, replacing the variables of integration in both Integrals 



from which, ellnlnating e 11 ®, we tsve 

^ r 27 I- 2;.„ A (s). os As ds - 0. 
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CHAPTER II 


XSITIAL ASSIMPTIOKS, FUNOUCKTAL EQWTIOIS ASD THEIR 


Section 8. Fundamental Eqrattons 

The theory is based on the two following fundamental physical assuaptl® 

1. Abandonment of the principle of space and velocity locallzatia, 0 , 
particles (in the sense of classical Mechanics), occurring independently of 
force interactions. 

2. Introduction of force Interactions by analogy with classical 
mechanics, but taking into account the new principle of nonlocalization oi 
particles. This new means of introducing the interactions should generalla 
the previous method, but at the sane time give a concrete expression to the 
direct connection of each particle with the entire collective a3 a whole, 
of which we spoke in the preceding chapter. 

He satisfy the first eqmtion if we describe the behavior of each 
particle by an extended fimction of distribution f(r^, v, t), which satisfies 
the continuity eqintion in space of six dimensions. 

A more general point of view is possible, according to which function I 
is iet up in a space of velocities and accelerations of as high order as 
desired! 


fruitfulness of this 


generalization only on a following level, 
slssplest method of description t»s been 


It is also possible to 
in space of 611 dimensions 


of the equation ol 


oontinultj 




^i^litVTo^^efK'nr the . 
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Z Beans of only 

velocities of 

type (8.1) by f 2 
Ignoring the elec 


a single distribution function depending 
f both particles. That Is, multiplying th 
and ti, respectively, and ca*lnlng, ve 
ctrodynaalc Interactions! 


he equations of 
easily obtain, 



where the general function of distribution is aultipllcatlve, l.e., 


/('. 2) =/,(!)/,(2). 


end the nor*ll*atlon condition /(*• 2 .6',)=/i U)M 2 ).. ./ v (.V)- 

Is e^loyed. 

Hence the nethod employed for describing the ensemble of particles 
Is equivalent to a description of a system of particles In space of 6H 
dimensions by means of a multiplicative distribution function of the form! 

It Is of impartance that (8.3) is an e»ct solution of equation (8.2), 
leading to equations 18.1). 
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The ntaftxr of groups of s j»rtlel«s 
particles eqralsi 


be forned fron a total of ( 




The collective Interactions arising In groups 


particles should 




























and similar equations for the probability density of the second particle. 

We see that in the stationary case the aess of the particles enters only In 
the distribution function according to velocity. In the expression for 
the particle Is not tndlvldiallaed, so that we my set (, .r,') s(t) , 
and describe the state of many particles by neans of a single equation. For 
the potential V(r), the equation is as follows! 


\-|r)= J A.' ( | r — r* \ )/(V(r‘))dr'\ 


sometimes convenient to write the initial equation as follows! for 


(9.3) 


K (r) = J AT( | r - r' |)/(V (r'> _ y ( 0) ) rfr ', 

/(V , ) = P( 0 )‘ ' ■ 

FcrV il«llar particles, we similarly obtain: 

VW = {N-l)f K(\r — r' | )/(!'(/■')— V(<S))tr' (9.4) 

and taking Into aceoimt the functional Interactions, we dbtaln for tl* 
potential: 


,, ( r )=S J • • • J *• (r > r >. r » )/( v w - v{0)) ■ ■ • 

...f(V(r„) — V(0))<ir, ••• *V (9.5) 


The problea of stationary states In a mny-partlele system thus 
reduces to the problem of solving nonlinear Integral eqmtlcns of a definite 
class. The basic parameter In equations (9.1) - (9.5) contains the temperature 
It Is an essential fact that such a problea my be formulated even for two 
particles. Here we obtain the temperature effect without constructions le¬ 

aving the introduction of a heat reservoir. This Is the realisation of the 
Haas voiced In points 5 and 6 of Sec. 7. 

The Initial eqmtlon In the stationary state my be written dam as: 



(9.6) 

V = |k'l|r-r'|l / f(r\ v) dv' dr', j 


according to the Indexes 1. 




1, differential entice, V(r) any be considered as a taw 
snd then the characteristics eqcetlon corresponding to t: 


The Integral of this egmtlcn Is the expression 


Consequently, any fonctlon of this ecpntlon Is a solntlon of the Initial 
differential egmtlcn of the first degree In partial derivatives! 


f= s (-£ -m} 


Employing this function, ve ofctain a aore general nonlinear Integral eqmtico 
In the form 


> j 2 (^ + 1 ' 


(9.1> 


We new consider the eqmtion for the stationary state as applied to a system 
of « electrons. Here, In the stationary state, and tahing Into account the 
electric and «gnetic Interactions, ve havei 


div * vf + ^ diy r(— K'ad, ? +1 |n*|)/ = 0. 


(i - the Independent variable) and 

dl v, |«A| / = [„*| „ rad ^ ^ 

the previous eq»tlon my be written In 
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the following form 



















innelfi 


= fi / ^ f<■—»(f-t), •) dt + c, J> T)#) rft _ 


.here t 0 < U t1 ’ Bnd C1 "' d C2 BrC c ® stant »» the »n of which must 

«•> 11 

e l + c 2 " 1. 

If we »re interested in the temporal processes, symmetrical with 
rospeet to tine over an interval ^ - ' 

to 4 t S,t lf 

then the role of the section fron t to to and from t to t. should be the 
aae, This can be achieved by setting c l “ 03 ■ i. 


Section 10 . Laws of Conservation 

Ve first define the concept of a closed systen, which we stall enploy 
further. 

Ve stall consider a systen enclosed within a space surface as a 
dosed systen 1ft 

1) There are no external forces} 

b) The distribution function vanishes Identically over the entire 
dosed surface surrounding the systen} 

c) The distribution function vanishes sufficiently rapidly as |v|-*i» 
Ilf this condition were not fulfilled, it would be difficult to require ttat 
the f-function vanish over the above-mentioned surface at sufficiently high 
«loclUes) + . 

1 . To derive the law of conservation of nceoentun in a closed systen, 
w outsider for sinplicity*s sake the cne-dlnensional case and the proble* 
of two particles. 

The expression for the general momentum will bei 

P = J ».«./. (*,. E„ t)dx,dl, + fmjMx v E, l)<tx,di,. 














-J W( 'a‘, 7 x,|> /.<x,. = 

“-T— 


Mx„ 0 —_/_/, (■*<• S >’ '>*■ " M*«. 0- J/,(x„ «„ /)<«,. 
vt obtain for the first meatier of the right sldet 


| f|.M*i- 0<fx, = —J p,(Jr.. I) dx l J e * <l ) Xi X ’ l> P,(x*«)</J,: 

= — | J W(l ^ t 7 X>|1 p ‘WhW rfjf '**«• 


Bid similarly for the second. Here we have assumed that the fmet lens P 
Bid A satisfy the conditions of pereutability of the Halts of integrattc 
>s a result we obtain; 


- % _f |-«ni^^ + :iM^*li} Pl (x l) p 1 (x l)i f,,^ 





M-m t f (jc.i), —>,?,)/, ds, d' x + m, jds,ds ,, 


Thanks to the conditions of closure, the following aenbers vanish* 


J *,n, ds , ds, = 0; f ^ ds, ds, = 0 


J ■ r<T|, ^r‘ ,s < d ’< ==0: J y<l ‘ ds< dz ‘ = 


(< =1. 2). 



are terms differing only In their sign and giving Wr 

f r,T„ «&*,*,— f t.V,*.*,. 


and similarly for the second particle. As a result, there rein in on the 
right side only the terms 


J *1!.*^ Jx./W,*,*,. 

- *.*. = J **v.*.*.. 


and analogously far the second particle. We therefore obtain) 


~^n"=- j (*Au,— y,Fi»r,)f,ds,do t — 

— J — V’siJ fids, </o, = 

“ “£ (*/»•-J-A,.)P,<fc, - J - y,F„,,)p,ds,. 

But if there are no external forces, we tavei 

M r, )rfSa 

and similarly for 

" Fit*,, F„,,. 


^7= J (*' TC®-* ^f)p,Ps ds '‘ is >+ 
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This substitution yields, 















Setting " obtaIn f0r "* deflnltIon of 0 th * *"»•*** 

c = \e' jK*(\r-r'\)dr' 
or, since the nucleus is noraallzed as unity, slaply 

c-W. (lu 

For ). >0, this e<nation has two real solutions for c, as will easily be 
seen, If >. <1 , and no real solution if 1>- . As A. increases and 
























ye solved the funct Ion V(r) at 

£ " 0 ‘"to a Taylor series 

-‘s'Esr** as ci °* t0 ’ 


«e »y write! 



jK(|r-r'|)c ,jUJL± ‘ 


(11.13) 

under the condition B—+ 0. 



On the other hand, to define the density Me say likewise esploy the 
expansion referred to above 


M'l-KOJe 

— f- (0) e - 


We now Impose on function f> (r) thi 

e normalization ccndltlcni 


IjW 


(11. Ds) 

Then 






In this way. In the limit, for 

0~M>, we obtain the solution 


..(/■) ^o(|r|l. 

Wi-MMi. 

(11.15) 

The Initial assumption, as we shall 
condition, Imposed cn the nature of 

now see, Is realised under the following 
the forces of interaction: 

K I0i = 0, 

k lOl>». 

(11.16) 
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number of [articles. 


The egtation obtained my be interpreted as the merging of mny particle, 
into a single one. 

Section 12. Invariance and Relativity Fora of the Fundanental 
Equations* 

The initial continuity equation 


(where £ is the acceleration vector, which say depend on x k) v k , t) expresses 
a conservation law. The operations entering into it retain their significance 
obviously in any systems of calculation. It should therefore be expected that 
this equation should be invariant both in the classical and the relativity 

















('- 7 s ) 4 S'-ttL * i 

5 pr ( -^r + 


_( ,_ tt) ».«;. ('~^) y;l 

(-<^r) t< 

-{$+ ,, ‘c;+*‘*£+/*;} j ( _ 


In this nay, we can obtain results (12.1). The continuity eq*tlon Is 
cowarlant to Lorentz transformations, If g v satisfies the transforation 

foralas (12.5). 


We uust non carry out the Inclusion of the functional expression of Us 
fwoe In a relativity aanner. The relativity dymalcs of a point gives the 


where f r „ 
to the force 


(I*' 


1.2, 3. 4) 


a four-dlaensional vector, whose first three 
and the fourth component to the energy. 


(12.7) 


components cor** 
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Y 1 —pi ' P = iro 

C«tien (12.7) b * «- ltUn «** 

TS~kV T:= F f * mma r 

}oc elcctrcngMtlc Interact lens, w l*ve 

0 ‘ = v(*+7 |c **)i = iib F ‘^" (12.9) 


»l«* Fip 1* the tensor of the electromagnetic field, and k - ev k , 

Ji . Ice ere the four-dlaenslceml current. The formulas for G 1 cannot 
be used directly, since the continuity eqwtlcn contains another vector gy. 
He can therefore prodtKe self-consistency only by expressing g* In teres 
ofGK. 

Relationship (12.5) glees, after direct differentiation! 


(1 — M)* ^ ^ ^ 

0.-*. + (l-?• + ?) ft+TT*)' 

o-n* 

-r{7r *i + -7rA , t+ (*— ?*+?)*»}• 

o-w* 

Free this ve obtain the formulas of the converse transfa 


»i-(l-Pj T {_7rO, b(l-^)°i-7r°»}' 
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CHAPTER 



(sanction over 1 - 1, 2, 3). Here we Integrate over the entire regies, of 
tie phase space, where f 2 r 0 end f, ,* 0, respectively. Tl* integraticn 
limits *y thus depend on t. 

Ve explain the fwict lonsl dependence between the qrantities of the 
eltssicsl type J f xj.irdv end | f vjdr.lv, which defines the 

lev of notion of the center of gravity of the body. To this end, we nultiply 
the first eepatlon by x,, and integrate it over a certain definite region. 

V« shell essune in this that the necessary conditions are fulfilled for 
jartlal Integration of multiple Integrals and differentiation according to 
t parameter under the Integral sign, the Halts of which do not depend on 
this parameter. 



s chapter were considered in collaboration with 
he author's article in Zh. E.T.F. .18, 81,0 (ISM). 




j [ Kiir-rlt/^U'.v, /jdr'dp- | 


(i . 1, 2) k and n - 1, 2, 3j 1 ♦ 1 is a symbol designating the index * Ui , 
by i circular substitution), U5n 

Here dsn and d (T n are, respectively, projections of elements of 


Next, ve multiply the eqtetions of system (13.1) by v k and likewise 
integrate for jr and v In this region (r, v), and obtains 



+ ff F ..- n r l (rt)Mr.*.»Jr*v = 
= - f C I) ilr F t i‘. 



* ~ *»- J JT [rAF,, ^ (r, 0dr do., 

* ? hi ~ f f *f t v n ds n dv—k t x 

X J J i+i ( r - 0 *■ (i=l, 2 ), 

1+1 r r ^A +1 ( r ’-0dr'dp'. 

% 








































integral In velocity space 
3 a velocities distribution 


appearing i n 
function tlat 


(lli.l), 

decreases 


Setting 0 - 1. « ofctain a s/stea of continuity eqmtlonst 


ca the first eviction of systea (l^.l), ve calculate the first 
n of systea (lU.2), aultiplled by 0 1 , and froa the second eqmtlon 
re (lli.l) the second ecpatlon of systea (lU.2), aoltlplled by Tf, 


-».hS-4; ( | K(\r-r’\) t 0 V (lk.3) 


(1 ■ 1, Zj suamtton for K, K - 1, 2, 3). 
We introduce new Independent variables Instead of Vji 

«o“p{. t>o —« , o — v » 


!» the 1-th egiat i on. 

Then, taking use of 

o* ■=■ 0, o< =• 0. ts* = 0, 

Hat Is 

SS*-a 0 §‘+iO< I «,<?*-*1,5* + ^. 
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___ 1 | | d( f mQ<) | 

-1JT J *dr-r |) P<Ti (r. 

| *<i»—-S-^- 




I) Prn ^ ■ *) ^ *<• 


Setting In (ill.5) Q = *„ 0 — <? — «». consecutively, and calculstl* 

l,= j-„w obtain two systems of eqtatlons for two cloodsi 





(14.6) 















Eth'aartiela'ii!! °J *l«etro«agnetlc field, relating to th 

* ■ - *• 2 


* b * M I * r9 * *2 rc P^=* » - 1 by 1), then, designating llf(l) Hr 
’" Mr-J', , we write the Initial equation In thi 









(15.1.) 


F , f - li ne, a tensor of the electrangnettc field tlmt Is set up 

£.11 » particles. 

Here, too, we can go over to the classical systea of the electro, 
tilery of charged localized particles. If we describe the charge! particle 
wthE adeq«tely localized function f In spu:e of ■ 

rtllassuBr that ft*' Is norsnllzed to li 


Hultlplylng eqmtlon U5.3) In turn by xy and ry, Integrating for r end v 
«er t given region (r, v), we obtain. 





(15.5) 


tore the syabols are analogous to those used In Sec. 13. 


1) He oalt the surface Integrals, 

2) He require that 


(15.6) 


Place eve 
rlstence 


the ordinary electronic 
senllel characteristics, 
en for the liwllvldml el 
of spontaneous action. 


heory of localised charged particles 
The electro»gnetlc Interactions 
arnts of the particle, which leads to 
However, froa the point of view of 
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CjrftoW our,elv,5 t0 th * flrit t€rm ln expansion of r ta 7 n , « 



j* fro* th* condition Fkj, - F *),(£, t), we have th* following limitation: 



(15.11) 


vhlch c*n b« combined with condition (15.9), assuming th*r« Instead of 
the Iatln index n, th* Greek index V > 1, 2, 3, U. The agnitode on 
tl* right side of th* lneqtality plays the part of the "effective* radius 
,! iction of th* field set op by th* particle. The criterion we here 
diUlned for the applicability of electrodynamics runs as follows: the 
effective radios of the particle Bust be sufficiently sail as compared 
viththe effective radius of th* field it sets op. 


Section 16. Transition to Relativity Dynamics of Point Particles 

Ve consider the initial relativity relationships of Sec. 12, Chapter II. 
Here, too, the transition to th* dynamics of localised particles does not 
crest* difficulties. We write down the equations for the aeansi 


. With this in Bind, we sltiply 

and finally by 3£*, , and integrate for 


»t first by r, and thw 
£ end v over a definite region (r, v). We then lavei 

£,r(t) = «T(<) — jr/v.d,. dv-f r/g.drda. 


(16.2) 


7, » (0 = ^ g> - J •/ v n dt,do - J tfgndrdo.. 













(i_ + 






(16.6) 

In order to be able to confine ourselves to the first term of the Expansion, 
it is necessity and sufficient for the following conditions to be satisfied: 



(16.7) 
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emPTER 


STATIONARY STATES CF SYSTEHS CF TWO 
THE FROBLEH CF THE EIGEN VALLES CF 
INTEGRAL EOLATIONS 


Lon 17. Fundamental Equations 

In Chapter II that the Initial eqmtlcms for the stationary 




















to unityt 


vt*r e 


j /C*(|r-r'|)rfr' = 


(lereafter we omit the + after K‘ 

Ue obtain as our fundamental equations 


? (r) = xJtf(|7-r'|)e’ (r V, 


(17.3) 


f (r) = 2 J • • • / K n (r,r, .r„) / w ... ,’ ( V X 

X*i. dr n . ( 17 . 4 ) 


These ecnatlons nay also uz written 
as we saw In Sec. 11, 


different for*. In point of fact, 


V ( r ) = P(0) f K(V — r'\)e~ 


las a precise solutlone V (r) ■ V (0) • const., which ccsnresponds to the 
case of unifora spatial distribution of the particles. 

But fron equation (17.5), we have* 


K(0)=.p(0) J AT (| r'|) dr' = p(0) J ff(|r -r' |) dr'=const. (17.5') 


Therefore, If ve now subtract (17.5*) from eqsatlon (17.5), we haves 
V (r) - K(0) = p (0) j ACflr—r'|) {* * -»)*■'• 

again introducing the nondlmenslonal magnitudes! 

_vr 2 _ m = f(n __ t ffi 80)) _ Xi 
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w evalifite the lne«pslltlesi 




f U|<m.n(l, -±-). then the science of 
uniformly approaches a limiting funC 


<p (x), which obviously ss 







then in the neighborhood of X 0 , the initial eqeation ( a ) las the 
unique solution M*. >■)■ which is holoaorphic (expansible by 

positive and integral powers of A and X 0 ) and approaches u „(x) 


2. We seek a solution of the initial equation In the fora = 
end correspondingly i = X„+|». We assuae further Mat there 

exists the expansion 

/ ly .« OOl = /1 y. "a W + «» (j-)J - AiCr)+O')• M + 4 ( y) «*0'>+.. . 

In this case the .initial eqxation my be written as: 

H.W + »W = 

= iK + k) / K (X. y) (A) ly) + Ai (V)« O') + *1 O’) «* O') + — 1 «t 

but since by assuraption 

wg(.r) = )oj’ «U. y)/ty. “n(y)i d y = l » j K(x.y)\(y) d y- 

tan, consequently, we lave the following e mat ion to deteraine v(x) 

V (x) = X. J /f(x, y) {At (y) v {y) + A, Ly) «*O') + • • ■> 1 + 


+ i» jK(x, y) <4pO') v O') + • •■>'**• 



.. obviously equivalent to the Initial o 

. JKXS.iSS- » »■ 


, V as vet not known. If we now substitute this series 

c-pJfthe expressions for sLIlar powers of ^ , 

,,(x)-l,f Kir. y)AM'1<>■)<!*+ f XU (>)•'.*■ 



t^the^lw 5 5 9 |^ S the rc ’ 0l vant of nucleus K(x, y)A x (y), corresponalK 

AM- J K(x, y,Ajy)Jy = | K{a V)/(J ,_ «s_^> f „ 

“* * y ' » syst «” of functions vi(x), v 2 (x), v 3 (x). 

*" not s^ltaneously Identically equal to zero. In this way, 



















first equatit 


■ ittcn down In the fora 


flfl (•»)+/'. (JT). 

„ is a completely defined functicn 
ehere PiW 

M*>“ J*" (jr ' v) 'VyKy + 'eJ"^fj; hj KV-y)Aly)<i>)<k. 

, D ^ |l 0 J and D (* '* | >o) are Fredholm minors of 

tht first and second order, (j and 9 j being so chosen ttat 


, which can be dene, since f j(x) Is an eigen- 

[inction corresponding to an eigenvalue «f of the first rank. 

To determine the unknown coefficient cj appearing in solution, we nte 
«s of the condition for the solvability of the second equation of the 

j HjM, (*)»,(*)/ /(•(». y){d l (y)o 1 0') + v4,(y)» 1 3 (y»dy-0. 

If ve now take into accwmt tlflt '« j K(x.y)A, (jrj^tjrtdjr = ?, (y), 

then w have i 


J (A <y) °i (. y) + 'o^o(.v) «?<y» v> ( y> *s = °- 

Instituting In this equation t», (.v) = crhly) + />,(>) 
t * Ve a quadratic equation to determine Cji 

'JjMiWffOOdy-i-t, j <>», (J,) f 2V',iy)>tJ(y)dy + 

+ f <d,(y)/>,<y) rV,l.i'li , ;W)h ( f ) ' lj ' = 0 - 
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n,« 1» determined Item the linear equation following fro* the 

solvability condition of the („ * lKh eqmll< „ of thf tatt|>1 Mquen ce. 

«* •*&.!« th * 11W **■«»• for <*,« , with o n>< there i. 
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o(x) = *,J Af(x.y) (4O')"O'* + At <y) »'(y) + -..'idy + 

+ * fK{*.yH*«ly>+A,Wv(y) + ..' U]l 

by s scries of the fora 

»<x) = |»*»i <x) + (x) + 1 v, ix) + .... 

Inserting this series In eqsetlan( A ) and centering the expressions for 
similar pavers ofyH, ve haves 1 

Oi(x)= X„J>(x, y>4,(y) dv. 

Os(x) - X, j K (x, y) A, (y)v, O') sly 4- J K (x. y)<V*i <y) <y) + (y» <y. 

0 * (X) - X, J Af (x.y) A, (y) r, (y) dy + 

+ j K (x. y) <2X»A (y) o, (y) n,(y) + *,> d, 


+ / K (X, y) <2*v», ly) «1 (y) IS, -1 (y) + AW <y, 


The solution of the flrVio^ti J" :\ v .' but do * s not d 'P* n ' 
The coefficient c, is dtflSFri* ff thl f K ^“ “l 11 he I 
equation of the sequence. solvability condition o: 

//'fU.y){>^(y,^ w+ *(y»*(x)„(x)st*<r- 
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«l*re Pj(x) Is a completely determined function. 


I K(x.y) <2Mo (y)( y) a, (v) - M,} A t (x) „ (x) dx dj 


f ( 2 M> O') »t <y> «>• (y) J- ■**,} Ti (y> <>' - o. 

•ij **-Mi(y)»}(y)rfy+J" (2MiO')»i(.Oft(i’l- L «iW)*> 


s wlvocally defined for each Cj, since 
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119.2, 


we now seek solutions little different Item the uniform distribution, 
in this we «ay assure 


fir. v, /)-/o(«’) + *< 


We see ttet 1 Is a perturbation of function fQ, Substituting 
this expression in (19.1) and retaining only those terns that are linear 
In , we obtain: 


yl -f e gnd,i —= 

= lgrid./ 0 grad. f /f (|r— r’\) \*(r', o', t)dv , dr‘. (19,3) 


e of Couloab forces, 


jrrh 


Consequently, an eqisticn describing particles 
aust be studied separately. For this purpose, 
charged particles of two kinds, where for each 


interacting electrodyreslall; 
we consider the case of 
kind N > 1. 
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particle of tl 


Tt« solution of this eqiaticn is 


arbitrary function. In a particular cast 
the modulus of the velocity ’ 

f2 ■ f2(v2). 




constituting a uniform distribution of particles 
ut isotropic and velocity distribution. Then 


throughout the 




ini for f 1 ■ f, we have t 


% ^ v, -r d„. (, _ i [eft] j/. 

(19.5) 


Eqtaticn (19.5) describes the behavior of a system of particles of one 
Hind moving in the field of uniform distribution of particles of the second 
kind. Equation (19.5) llkevlse has an exact solution with a on if era 
distribution, but on condition of complete compensation of the space charges 
(that is, in the absence of the field)i 


Once ana in. as sum I on ti»t the devlaticsis froa a uniform distribution 
•re mall • = i. - r ^ electing all terms of higher order 

“ j » we obtain a linearized equation of the form 


— ~ht dlv.O'i. { div. ^ | < + 7- l«*l)/o. 
dlv « = 4«. / ? dv. ro! h -1 $ - 4 ” / •» *• 
(div* = 0, rote +7 *=■»)■ 


(19.6) 
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A claracterlstic of this linearized system Is that It Is possible 
to divide fields obtained In the solution Into a vortex-free field and a 
vortical field (longitudinal and transfer waves . Hence, the general 
solution Is mde up addltlvely of the two solutions taken separately, n. 
“der to show the correctness of this In our case, and find the eqJtlon, 
describing both the portions, we represent the vectors entering Into the 
systen (19.6) In the fora of a sue of two vectors, one vortical and one 
non-vortlcal, which Is always possiblet 




ro.e"' = 0 h dive'' 1 — 0, 

h = H m , 


but Inasaoch as 5 = J "VfdvJ J/„dc , this conception of a nean 

velocity will be possible only If the distribution function t b Itself 
Is represented as In the fora of a sub of two parts) / 


ni<» : J p»(i> dv. nph) = j 




•msld^* ln *£T tlons ««» of which describes o 
-onsider two particular solutions of the systen, 


present) 

•) Only a vortex-free field 
in addition, JW = 0 * fl 

b) Only a vortical field e ( “ 


which is possible if <p (,) 
1 ’being eqtml to 0, and 


'- 0 , a "’* 01 



describing the dynamic system. There, too, the question was raised of 
finding solutions In which the initial moment of time Is essentially 
specified. This occurs, for eiample, If Cauchy’s problem is solved by 
«ans of the Laplace-Mellin transform^ion. For, If we Introduce Instead 
cf the unknown function a new functions 


?(p)-J *-’'.hndt. 

tythe conversion formula, we find that the function 














J>(K - r 'l'« 

‘ kr dr '"’u:- 120.4) 

#here i\ v 



~' V "' (20.5) 

h 

*' V ‘ = (20.6) 

^ / 

(20.7) 

Here ve have postulated that 

f'»(l| » /.(»*! satisfy the con- 

dltlons of pernutablllty of the 

llnlts of Integration vlth respect 

To define ^(o .,/„(/) , 

we obtain a Volterra Integral egmtlcn 

of the second class: 



= (20.8) 

where F^t) is expressed by the 

initial perturbation 

end 0|,(t) by on unperturbed function fg. 

The solution of Volterra's e<p»tion Is veil Known from the 
theory of Integral eqtntlons*. Its solution Is given by the follovlng 
Integral: 

*..<■ 4r_' 

(20 ‘ 9) 

see, for instance, G. HGntz, 
™olterra Integral eqiBtions/ G 

Integral'nla uravnenlya Volterra 

TTI, 193U. 
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cider the case - 0 (this takes place for example 
law of forces). Then, designating 


Whence, finally* 


- the solution of Cauchy's problen in this case leads to a 
J^tlaal-diffuslonai-nature for the propagation of perturbations 
In density, In vhlch the characteristic frequencies and the 
detrenent of dapping far any forces, in general, depend essentially 


In the case f (k) < 0, urltlng <■ (k)m _ 


(20.14) 


Thus, In the second case the solution contains the hyperbolic 
(Mine, and the perturbation increases as tine goes on. Indicating 
t* Instability of the initial state with uniform density. 

* “ e rrom equations (20.12) and (20.Ua) that the properties 
Mis* » e f ultln 8 solution will be defined by the position of the 
, the faction under the integral In the plane of the complex 
The equations 


(P +*£)» — «,; = 0 
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end, finally, 

p* = -Hz£ik», 

7 s i n <20.17) 

0 (*)=4r | KW^df. 


In this nay, there will correspond to 0 periodic solutions 

(p being purely l«gii*ry), end to 0"(k)< 0, exponentially 
increasing or increasing solutions. 


Section 


Solutions 


Type «*"*1 







initial actions in the class of functions of the type exp ( ltM , 
Where <■> Is a real nuaber. It Is also possible from the 
Represent the Initial egtatiens in a special way after ♦ 
of lagging) leading and, finally, the half sum of lagging 


potentials’with Infinite Halts of Integration 


leading 


At the t 
central force 


outset, we consider the 
Couloab's law, and then 
es. In order to cower a 
ltles as well, we shall 


es interacting 
result to any 
trlbutlon function, 


/■=/,((+ E.). 


where ^ - is the aean velocity of translation of the pa 
f 0 ( | ) a u syaaetrlcal function. Confining ourselves to 
problem, the Initial linearised eqsatlcn nay be written 


the plane 


iv—urfux. 


(21.1) 


We shall seek Its solution In the fora 


( 21 . 2 ) 


Substitution givest 


('“—(-/>) a d ^-, ( 21.3) 

/>’=- 4nr f gp (!)</:, (2!.4) 



(21.5) 



















two eases, * are ccnoemea »lth 
of exp (1 ^ t-px), ~-+0 («lth~-eO>, b«fc a 
exv»l* P* which correspond, to way, fora, osclllatorlly 

s~?, ( ? 7??$ s yjfis-i? “ 

f**" ,? t her purely exponential or pirely periodic solotlceis. ’ 
cases are discussed In the appendices. 

u e now pase to th * r ' onlUt lonary froblea, that li, K , IraK 
„ 4 0. To this end, we transfora the dlsperslm equation Into 
hra acr* convenient for applications. 

i > Oj then 


— (-0 /•"'<* f*(x)e-^dx. (21.14) 

,hls Is possible, since by assuaptloo la * >0 and consequently 
. Since fg(x) Isa syMetr leal fin* ion 
by definition, then Is an odd function, and 

therefore 

J* (a) »-«-■* = —i J*(*)slntri* (*> 15 ) 


J » (j) c-e _ _ j" J <> (x) sla tx <fx (21-16) 

(lor la a > 0). 

dispersion equation takes on the fora 


line N- 0). 
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: orre spend lnglyt 


%(* — E(< — (21.24) 

j g£(* — I(t— X )s)*' (21.25) 

bV(x.t)= <£{/ J %(*-<> «-*).*) dxx 

+ T J 37**— 1 E«-»)■*)*)}■ (21.26) 


Is seek » solution In the far* 

V(x.t) =nV^- e», p •■*-(-«*, • > 0. (21.27) 

Upcn substitution In ths first two cases, we have the Integrals 

(-p) / - ».+Hi«-a* a (-p)j <ft, 

ud substituting In the first Integral < —c = i|>0 and In 
tie second r—/ — tj' > 0, we obtains 


J 




(21.28) 










,{r. I) = J ~m dfl { 2 J rfT Dpfr', ,) dr' + 

+ T ( J* V r J/C(|r- 0 ( , -, ) _ r .|) p(r . iT)(/r ,| (2l J2) 

1( jteh a solution for this eqt»tlon In tha form 

r, 0 = 2?*(0*“' (2I.33> 

Substitution gives the following eqmtlon for deteralnlno 

= 4J e k \,--.to>r.)d-.+ f| o*((-s),.(T)^ (J1>31i) 







that as (t - « ) Increases, the expression under the integral sign, 
as will be seen frca (21.35), oscillates rapidly, and consequently 
the Integral vanishes. We my therefore extend the limits of integration 
with respect to t in Fredholm's equation to infinity, and obtain an 
eqiatlon of a singular type! 

















direction we put! 


J le r ' cos kitdi = 0, 


inWrf5=~V>'' 


The dispersion eqtatlcn (21.UO) then takes on the form 



or, calculating the value of <r(k) and Introducing nev variables 
of Integration 



This equation aduabrates the dependence of on k, and Is used 

In a noaber of applications (see Part II). The special function 


/ (u) = — J* joe " *’ cos vxdx («•« 

Is found by maarlcal Integration. 


(i 


Solutions of the linear Integral eqomtlon In the fora exp 
" t - lkr) where cj and k my be either real or complex nuabers, 
y be obtained by another, direct method. In equation (20.1)I 


a J-r«grsd^ = I E rad^ 0 . E r.d, J j K(\r-r' |) ®(r', t)dvi' 

we seek again a solution <f in functions of the “wave" type: 


1, C). 
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*»(-' ’i* 


n*) = 4r J/C(p). f ,.»j!L*e 


\ r ,)dv, 

rfp. 


The condltic 
class is obt 
velocities c 


existence of a nontrivial 
ht tod 5 tnt * 3r>tln 9 »ith 


solution of this 
respect to tt* 


«■ 


(?) 


This eqeation constitutes a dispersion eqmtion iinkli^ aj and 
K. Since the integral in forswl* (of ) does not depend on the 
velocities, the solution for g^ bus a for* 


*.<1,1.3-«(*]!a | Sjj r 


where the sumation for J with a given i In the general case should 
be conducted far all the roots of the dispersion equation. We consider 
equation ()(assuming K directed along the x axis): 






























To prove the fourth proposition, we write 


(f) = -Jr J *V(*)d* + Jr J - 

= ^F / •c , / r (-») <<* + 


4^1-1 

<ir^wr«M + ir«« 


Z"x3f(x) - 5? (x) being an odd function of xj. 

For the first integral, we have* 

J *^ d x x - J 0 ( p + S) ~* (c ~ ;) dl<2,.»»'(.+»); (0<&<i> 


and consequently, for It to vanish as v —y 00 , It Is only neces*ry 

that J « ( x ) approach zero as x . 

The second Integral approaches aero asv -4 «° # since 


■>■00 for any function 
<lthln Infinite limits. 
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Since the right side of the last relationship is independent of 
£ , identical equality is possible only on the conditions 

where y Is an arbitrary constant. 

These equations are solved Independently, and we obtain the 
expressions: 

4>(c,c,> = <t>(c 1 + qc a ), j 

,fc*)-,(* +T ) («.3) 

In this way, the initial eqiatlon reduces to the form 

/(/, 5) = 4. + 

+ 4 J K (x, x')f [l, x', E') A' dx'+i* (E/ — a) ] 

( 22 . 1 :) 

or to an equation relatively to function t,(/. a): 







the tine In the combination r+^n. 


, we see that this fictitious 















;o the first term of the expansions, 

»<<>>-%■£|„.“-n±-j> 


We were unable to Investigate the asymptotic 
is the absolute value of |x|-» co.The«gnltude 


°f f(x) 








PART II 

APPLICATIONS CF THE THECHY 

CHAPTER I 

THE THE CRY CF CRYSTALS 

































density f> (r) by 


station 


we can Introduce Into eqtfition (17.1) the parameter X : 




Then equati on (17.1) Is written as follows! 


This equation has the trivial solution 
V (r) aa 1/(0) = const, 

corresponding to unifora distribution of particles in space. 


We now Inquire into the existence and the conditions for the 
formation of spatially periodic solutions for the potential V(r) 
what amounts to the same, for the density of the distribution 
particles in space. We here confine our selves to the case of 
11 amplitudes of deviation of the value of the potential from 


)?(f)l«l 

and linear equation (17.5). We then obtain a linear Integral 
eqsatlon belonging to the class of singular equations! 


•f (r) + i. / K (| r —r' |) a (O dr' = 0. 


(2U.D 


We shall seek (In addition to the trivial solution) the 
simplest spatially periodic solution of the type 


r(0 = 2>, r“'; *, = *,= 


2x 


(wher 
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the period), 


(2U.2) 














we consider eqiatlcn (17.7), obtained above, which possesses 

f W - I ■ ■ f K.yr.r .#J |.’ w ... 1! dr,. 

Linearizing this eqtBtlon, we tmvn 






the modulus of difference of the arguments, we, aiming at a 
solution of the type exp lkr. In a completely analogous i*y, 
easily find the generalized criterion of crystallization: 












Thus, calculation of the functional Interactions has not In 
principle altered the basic result obtained abovei the sudden 
appearance of a periodic distribution of density at a certain 
temperature. Only the external form of the crystallization 
criterion has changed. The period is now found from the more 
explicated eqtmtlon (214.7). 

The crystallisation criterion (2l*.3) my be given more 
simply, but therefore, of course, in more approximte form for the 
case of forces of Interaction decreasing sufficiently rapidly 
with the distance. Then in the Integral in (2U.1), the only 
essential Actor is the region around the point r/ - r. 

We therefore expand Jp(r«) in a Taylor series in the 
neighborhood of point r> ■ rs 






/ K (| r —r' I) y(r') dr' = 2 K „ v* ?, 


(2M) 


where the coefficient! of the 
of the energy of interaction! 


termed "moments" 


*•= H K(\r—r’\)dr', 
*s= f K(\r-r\)(x- x y dr \ 






&P+x* ? =-0. ' + **», 


(2I4.IO) 


no 



















u(r)-K I K(\r-r'\)u(r')dr'-,K-r[ K(\r-r'\). ( r’)dr’ + 
+ + K (\ r ~' , \)*‘(r r )dr' (28.2) 

(»; = V- C . 


We note that the linear eqtation not containing the am 11 
paraneter -r has the fora of (2U.1)» which we discussed abovei 


/f|C(r)!=:(r) + i;//f(|r-r'|)C(r')«r' = 0; (25.3) 

ve saw that It had a periodic solution on the condition 

(“•«) 


(criterion of crystallisation), where 

o(|*|) = 4ir J /C(p)^-'p»<lp. 

Since \ 0 * Is > 0, then |k| aust satisfy the condition 

o(|*|)<0. 

We solve nonlinear equation (25.2) by the sethod of successive 
approxlnations, setting 

a (r) = T»/ 1 (r) + r^/,(r)+t»/,W+ -- . < 25 ' 5) 


where n Is an Integer (the case of branching solutions, n being 
the possible nuaber of branches. 
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.. —v jeen by direct calculation that 
exce* n“ 2 gives any but a trivial solution, 
altogether. We therefore consider the case n 

Substituting expansion (25.5) In (25.2) 1 
Infinite sequence of eqtatlonst 


f the cases 
Insoluble 

the following 


K !/,(r) I = 0. 

If !/.«■) I = f *<|r-r'|)| > + *1-Tr- 
K ! /, (r) | =_ f K (I »— r' I) { - /, (O+ 

+ *:[/. (r')ft(r')- 3r/?(r')] } *■', 


where K I f.llas the form (25.3). We solve this sytem. Obviously, 
we have (sei See. 2it), 

/,(«■)= C, sin *r, 

where Ci Is an arbitrary constant, and the value of k Is determined 
by relation (25.1i). The subsequent eqiatlon should define constant 


We substitute this solution In the right side of the second 
eqvatlon of (25.6) and, taking Into consideration that 


h- r AZZ 


rfr' = c(n|*|) 


(25.7) 


nu 














(25.6), we obtain: 


/ w tn = i »■«»•2* * r *+■ c *» ' ,n * r - 



As stating that all the C w (»/<'2« — 1) arc determined, we 
show that C ta . t< C,„ are uniquely defined by the solvability 

condition for eqtatlons (25.6) for /•*«.» and /»,♦• • 

The calculations eiplcyed for deteralnlng C2n-1 *ay ^ easily applied 
to prove - 0 (n • 2, 3, ... ). 

It Is obvious that C’. t does not depend 

on Cj,,.,. 


K\f„(r)\~ f If (k — e-1) {<?,„(/ to ./,) + 

+>■: I/, (0-1--I .A)ll *•'; 


02n and f*2n will bc obvious. 


with (25.6), then 
to determine that 




(t , -HW-rem *““ r I + 


♦ (terns not containing C2n-l)' 

In a coapletely analogous Banner 
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K ! (r): = J * I k -*■' |){ (r’) + ^ [ |/ l/ti> + 

— (term not ccntalnlng C to _,) }*'. 

The solvability solution for the last eqmtlcn » be written 
after sane slnple calculation, ast ’ 


CW-,—./,|. 


(25.11) 


Here »o " I - <■»« » 1 * +l represents an expression 

consisting of coefficients of lower appvoximtlcns and deflmble 
by a choice of those of the* that are present with sin and 
of ccoblnatlon j';' f]' ... /]•< > not conUlnlng Cjn-i. Consequently, 

the conditions for solvability of (25.11) are linear with respect 
to Cfc-i. 

In this way, we have obtained a fcntal solution for u (r) 

In the fora: 


o(r) = 2 T 1 | 2^j<+^ IIs * i, ( 2/+D*r4 -Ch»+i$ lo*r| + 

- 2 •"’ { 2 Ss” cos 2m kr + C*. sin *r j. (25.12) 


The series obtained, on condition of being convergent, represent 
a periodic fmctlcn with a period defined by the vector k. 

As we see, the apparatus proposed makes It possible to define 

not only the condition for the appearance of a periodic structure 

and the sngnltude of the period, but also gives the my of systen- 

atlcally determining the amplitude of the several harmonics In 
Fourier series (25.12). 


b *“*!“tc 


of Integration a 


, ftml fora. It Is still 
e of the expansion parameter 

mllsatlcn condition, choosing 

e tint Is a multiple of an 
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and expanding e-u(r) in a aeries in u(r), ve obtain a sequence 
of equations t 

flo* - ' = 

± f(-C,sin*r)dr = 0, 


It is not lard to see that this system uniquely defines all the 
A). Since, further 


then substitution in this of the value for a gives us an equation 
determining : = , that is 






perform the change 


ffi* ,; Si’a.T2ss ssr«r^-4. 

satisfying thesa eqontlon, « sat xo c l- 
■on considering the sequence 

. (l »|)_. (0)|, |s(|*|) —»(2|*l).|o(|*|)-s( ll |*|)|,... 

and noting tint lln e(«l*l> — ® * ** **s' B ® t ** t thert 

exist. « , >0 . **hiw 


Introducing the designation / 


: constants xj^i (n - 0. 1.2, ...) are arbitrary, subject cnly 
w condition x^i ^ 0. We shall later mke use of this freea* 




i|/,J = ) + 

. 

. /,)+ 

+ ./,)| dr'. 


Apart fro* the signs and coefficients, the expressless 
/i i + A o**•»>. consist of the sane teras as the expresslcn 

y„*. + V*,,.., eo +/, (<?„ + >Xj, 

with the exception of a group consisting of three teras, that Is 

Ginti + CMj.1,1 where the sign denotes correspondence In the 
sense Indicated above. 

For each aeaber In Hg,,, 0^, having the fora 


\ m<2» / 

In tt* expressions Hgretle 02nH» corresponding tera ha 


... rern «■« 

\ /»<2«+l / 
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^n+l by 


As vc know, p^li is obtained from Q 2n +1 ♦ Q 

excluding the coefficients In sin tar that do not contain C 2n _., 
that Is, fro. the expression _pM_, + ).;i/ 1 /;„+V> 1 „.,|+ 

the other terms not containing C 2n . j (f^ n denotes the part of f 2 
without terms with C 2n -|). 

In this expression, replacing mil the qrantltles by their great¬ 
est values, and taking Into consideration, on the basis of (26.71) 
that the mjorant function /,(<?„ +is still more sajormnt 
for the terms not containing C 2n _j, ve hnvei 


l^ +1 |<.S M + p w 


Taking Into consideration relationship (25.11), we obtalni 
ICi..,IW 0 |<«S,.+fty, n . s , 

-*(' + t )- ?=l + t±. 


Further defining Xj n . 2 by the equation 




(26.8) 


s lnce x 2n . 1 i, arbitrary, ve assume in general 



(26.9) 




system, satisfy the condition 
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to show that the systems (26.9), considered along with (26.3), 
actually define Xn, y„ as functions fron xo. We prove the solva¬ 
bility of this systen, and to this end Introduce series! 


(26.10) 


Multiplying^ the flrst^ 


of equations (26.9) by p 11+2 , and the second 
innating each separately, according to n, we 




Setting x « w X, y • P Y and canceling *• 2 out of the first 
equation and V frcat the second, we havet 


(h -Y, l') = — 16'oI -Y + (^ + '*)«{' ,T+X+ n [■ + 


-i|l-.(.t 0 -i-Y+y)| + 3K-i5, 





then eqtaticns *|>, (-, X, Ki =0, 


Illicitly 


define X = X (*>• K= y W 


In the neighborhood of - o. 


Consequently) there slso exist fwtttlc 
tlmt Is series representing then conve 
Interval In the neighborhood of H 


y defined by (26.10), 
t least over a finite 


likewise converges, and since It Is -jorant for the series 
a (r), the gtcnf Is collated. 


Section 27. Role of Collective Interactions 

Up to the present, se have considered the potential of 
the field In which each particle aoves, In the fora 


=■ /tf<|r-r'|) f <- 


e ccapl lcated case of I nnlfora 


Vir)-Z 


(27.1) 

erlodloal 


This question Is of particular Interest lnassnoch as, as we lave 
seen above, Introduction of collective Interactions Into the Gibbs* 
aethod leads to specific difficulties (see Sec. 5). 

_J* sIs ot th » results obtained In See. 17, the problea 

consists In the solution of equation (17.lx) 

’<'>= 2/J- .rjespl-^,,^,. dr. 

MO-e,—. *.-V) 


(27.2) 




Assuming 


*.(r.r |t r t , .O-•f.flr-.r,!, |r 1 -i- 9 |, . 

!J><-.*.|<+~. 


Vt have thf obvious solution corresponding to tl* case of on if ora 
densityi 


•„(»•)=C, 

c=ZKK„r- r . 


(27.1) 


^1-fK.Cr,... 


Setting 6 * $ o» “* seek a solution to (27.2) ttnt differs 
froa a constant for 9 + & 0> settlngi 


*(r) = C+ 9 (r), 


where T is defined by the relation 


-"*)■ 


(27.1.) 


w« cbtMln th* eqtAticr 
A {«(r)| 

~a f K ‘ (r '• . r,) {i“ l ''! dr ‘ - Jr ‘ 

+ V',», + e>e->-/ .... JV,(r.r„.r,)X 

■■■ jr - 
‘as 


(27.5) 



A(«<rV, -*(<•> + 


-"'f 


This equation Is thus f*r exact. We now apply ttic apfmratus 
of the theory of branching and wo assme 


?(<■)■ 


,(el + r„(r)J i 1 «,(r|+ ... 


(27.6) 


In which case ve cbtaln a sequence of eqtatiens for deternlnlng 
The first of these eqmttons has the fora 


(27.7) 


A solution of It 
condition that 


- Ci sin on 


The second eqiation of 
solutl® In Its right 


the sequence, after substitution of the first 
side leads to the fcrai 


f J*i(r 


*0 = 1 * 01 - 
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a I/, Ml =■zV '7r, + "fV- % J J , (i) . r(n)X 

X { 2sinVw }«<<•(,) . .. *•„,+ 

+ 2>, r,. r)X 

X sin kf/- M sjn kf w dr [t) ... dr M . 

Further designating 


• »*o) = f • /AT, (r, 


•'WX 


ve have the obvious formulas 


/ • •• / K i\ r < . .. '•<!)) sin sin V-,,,*-,,, ... dr m = 

= -5- of'" (*<,, * 0 |—J- v'l*' '■ (*0, *0) CO! 2k<f, 

J ... J K, (r, r in .sin 5 V,., dr tu ... *■„, ... dr„=- 

= -3- Afi —5- ««*' (2* 0 > cos 2*y. 


Making use of these relationships, ve write the eqi»tico for 
In the for* 


Al/ t (r)| =. + 

-;«V S fv l, Tl 1 =r'l*o. *.) + -.} £ 5 i"C-M (27.9) 


187 




It is not terd to verify the correctness of the folloving 
relationships! 


+ (A bpir 9 a constant) 

A [A cos2*„r| = A (1 2 "i* (2*,)) cos 


We find fro* this a solution for fg(r) 


A (0 = A % + B 9 cos 2k^ 

under the condition 

i +,2 V -,t 24® (2* 0 ) -±- o, 


(27.10) 


where Ag and are equally determined constants. 

Inserting f}(r) and f;(r) In the succeeding equations of the 
system, we chtaini 


A !(/s r,| = Iin V £ { - Y a O Vo) + [ Mt £ 0?1 ^ _ 

~ B ' 2 *o) + 4-2^’ ( *e)) - 

~3r c! ( if S^' , "(v *o. 

+ T 2 ^ "(*0. 2* 0 ))]} + fl: sl „3* 0 r. 
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To (fctaln a Halting solution, for 9 -*■ o, of th. 

considered above (17.1) 


—/JCCI*-—r'|).(*)«— 


V( apply Laplace'S asymptotic formula". For the three-dlaenslcnal 
a „, this formula has th* following form. Ut there be, for 
t-foo , h(x, y, z) a bounded, doubly-dlfferent table ftnctlcn 
Bid § (x, y* a bounded fraction. Further, leti 


( 0 -vj<x<o + V. *—n<y<* + v. 


where the Index xj designates the derivative along the 1-coordinate. 
Further, h(x, c 2 , c 3 ) h(c lf y, e 3 ) and (cj, c 2 , x) do not decrease 
In the respective Intervals 

(a<:x«a + «), {»<><* + ?). (c<e<e + T). 

end do not Increase In the Intervals 

(a —i<x<a). 

Then 

/ J J 4>(x,j>,e)e'»i* »-«rfxdy,/e~8*(a. *, ele"(»‘”iX 

In our case k corresponds to i , h(x, y, s) corresponds to 


T" »*> for example, Vidder, The Uplaee transformtion, p. 277-280, 19L - 
( one dimension). 
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(28.8) 


Equating (28.6) and (28.7), we find: 

«('' - ^( J 5 sr L )’- 

V(r) for 6 
wry period <1 

[e find the expression for density 


To this end we expand V(r) In this formula In a series in the 
neighborhood of each of the points in powers of (r - r.) and 
confine ourselves to the quadratic terms. By virtue of T28.3) a: 
(28.5), we have: 


V.(r) = K(r.) + (r—. (28.9) 


Substituting (28.9) In the expression for P <£), taking (28.7) 
into consideration and introducing the designation 


This is the value of the density arotsid a lattice point 
Is • (id, nd). 

The complete density is obtained by sunnation of f J-t) for 
all the lattice points: 


(28.12) 




























■ i> (s) - 


r>-<, ,g»r u s*“ 

"■> equation, d being the period of function ^ Q (r). 

2. In addition to periodic solutions with a period d 
Integral equation (29.3) likewise has other solutions of the type 


where k is an arbitrary real vector, and u(rj k) Is a periodic 
fuictlon of r, with period d. 

In point of fact, substituting of (29.9) In (29.8) gives 


u(r, *)->. f K( |, 




(29..0) 


that is, an equation of the sane type as (29.8) except for a 
different kernel, which, however, ‘Is likewise dependent on the 
difference of arguments. Consequently, equation (29.10) likewise 
has periodic solutions with the period d. 

3. The spectrin of eigenvalues of X for a given k /in the 
systen of functions (29.9)_/ ls discrete, tie show this by redwing 
the eqiation in question to an eqtatlon of the Fredholm type) we 
note tint functions (29.9) satisfy the condition 


*(r + nd, *) = e«“-« ( r), (29.11) 

where n Is an Integral vector. 

By means of this transformation, integral equation (29.7) Is 
reduced to an Integral equation with a finite Interval of 
integration. 

We represent the integral appearing In (29.7) in the form of 


J K(|r — r'|) P (r')+(r')<fr' =2 f K(\r—r'\)p(r')^{r')dr'. 
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tw-2. 























Km = 2 ' nl J K* (|r-r ',1 ,|-r 


Substituting (29.18) in (29.15), 


KAf + Kl^ •• -t-(^-‘j? = 0. 


Ignoring terms containing derivatives of the fourth and higher 
orders, we obtain an eqtnticn which we shall study further 




Our ignoring the terns with higher derivatives my be 
Justified in the following way. If we approxlmte the function 
K* ( | r - r’ | ), which decreases rapidly with the distance, as 


for 0 < | r — r' I < R, 


for \r-r'\>R. 


where R is “the radius of action of the nolecular forces," then 


If we set (r)— .then | v»-v. | = I * 1*^- ' 


In view of this, we obtain for 


of nsgnitwie of the ratio 















He Introduce the function p 0 . For simplicity's 
replace It by the following cuvet 


Pb(*)-*P« "P" 0<x<a. p 0 (■*) = p». npH — b>x<0, (29.23) 


where a ♦ b ■ d, P q (x) Is a periodic function with the period 

d, a Is the "node width,* b the ■ intemodal width,' f a the 

"density at the node," p v, "tnternodal density.* The qmntltles 

e, b, <° s , ft are functions of the temperature 6 . The 

relationship a p a ♦ b p j, • 1 exists between then. For tf-yo, 

He shall consider the Interval ( - k, a) of the length d. 
Substituting (29.23) In (29.22), we obtain two different cqmtlcns 
for the Integrals ( - b, 0) and (0, a)t 


2 1 +?*p = 0, 0 < it < a, p = l(lf 0 -i). (29-24) 


gi—fr-0. — A < r <0. T (29 ‘ 25 » 
Solution of equations (29.2U) and (29.25) are had In the form 
p (*)=,«» «,(*). it (* + <!) = « (a) 

■nd we obtain 


u, (r) — 


(29.26) 




(29.27) 











'(t>\ 


( 29 . 32 ) 


nmditlon for the existence of real K*s way be written 
dam UTenother vay as well (alloying (29.2W and 29.25))i 

, '(p'» + ^) <Arjd ' (29.33) 

and this Ineqiallty mj be written approxlmtely In a slapler 

fora. If w consider that at Ion teaperatures and 6~d. 

We then have: * 1 

^ < K 0 . (29.3U) 


Relation (29.3U) replaces oar previous condition 
Since at low te^ieratures, p, ~c'J?r—r" 

froa conditions (29.33) and (29.3U) It follows the 


or approxlsately 


(29.35) 


(29.36) 


valrate the order < 


* foliaring approxiaatlve r 
(®>R the 


atlcnsi T ° 


7 “ (I)’ (!r. 













(stationary case), 


V',(r) = (W, —1) j , AC„(r.r')/,(r'. v')dv‘dr -j- 
^(r) = IN,— I) J K„(r, r')/,(r', v‘)dv‘<lr‘ 

+ N,JV,,(r.O/ 1 tr,«.),/r'<rt>' 

(onltting functional terns of higher order). 

By substituting 

A = ?i (O +oi t~ * /* — ft W +os 

(vhere are defined by the obvious norwUizatIon conditions 

In velocities space) the equations in question lead to a systen of 
nonlinear Integral equations 

U>(r) = K / K,i (|r — r'\)e~ v ‘ <r *dr' + 

-H / AT„( | r — I-' |) e-- 

(30.1) 

y,(r) = l,J K„i\r-r'\)'- u -'"'d,‘ |- 

+ A//C„(|r_r-|)e 









(30.3) 



Inserting (30.3) In (30.1), ve transform the eqmticns to the 
follcwlng form 


A, | «, (r), «,(<•)!- 

= J (r. r-) r-'!{r —(r'( + (i, 4- r) £(- I)"!«? - - 

+ ». f 'f,.«'.Oe" : {V;(- 1 «;<»•'))dr + 

+ 1.f *i.(e.O« _, ’{l-«,(#')+ £(-11* ± Jrfr', 

U\'A'). «,(r)|- 

” .[*>•('■ ,r V -< '{*—«,(!•') + (*, + ,) V(- _ 





(30.li) 





Vt consider the system of linear homogeneous equations of the 
Fredholm type . 

/.,' In, ^«-)| =0 

This system has nontrivial bounded solutions: 

(r)=c,sln*r-f r.,cos*r, where Oj, ej are arbitrary constants, 



Ws ten satisfy equation 130.5) using 
, Is ohosen In conformity with 
th. e ‘ Wt r, r rt3 « nt the solutions 
« following power expansions: 


any 0 . Ass«lng ttmt 
(i0. c ), we shall solve system 
of'this system In the form of 



(30.6) 


u, ,r) = t J 7, (r) + :•/, (<•) + x r y, (n + 

n + 'V> + ' 5 .' , «+ 


/, =/,„(! + 4- .1, 


The constant tin :)*> are determined from the noral last ion 

cendltlcns and fi(jr), X .(r) are Independent of this 

condition. We shall therefore first solve system (30.U) and only 
then determine f . Substitution of the first three 
expansions of (30'.6) in (30.lt) leads, as before, to an Infinite 
sequence of systems of integral eqmtlcns. The first of them has 


L,\/, (r). /,(r);=0. 

On the basis of (30.3), ve havei 

A(e)-*e,sln*f{ 

X,fr)-/lc 1 mn*e 

(ei being an arbitrary constant). 

The sec aid system has the forai 

L i I /.• X. I - f K „ (r.O e _ '“ (1 +1, dr' + 

+ ]«„ (r, r')‘ (l, ^ + p.) dr '. 

+ jK n (r.?»-‘*(l t 'l}p + f ,)dr'. 







side of this system of 
entary transforoations 


f expressions 




for 



where the designations of the determinants indicate that they are 
formed from (30.1) by simple replacement of the corresponding 
elements. Under these conditions, the second system of eqintions 
is solvable for any value of cj and ot j. 

We consider the third system of the sequence i 

M/s. X. I = f '■') '■'{-/.«•')+1, (/./.-i /?)}-"•' 4 

i. I/m X.! J*„(e. r') sf'!{-/, (r'J +1,(/,/,- ^)}dr' + 

+_/*■ "■ r '> ‘{'■ (/ix.- i/’) -fi/.} dr '- 


Simple transformtions of the right 
<1 sin kr + Bi‘.i sin Mr (1-1.2) 


side give expressions for them 
, respectively. 


The system is only 


condition that 


expanded form* 


















“ (^^"'sin ( 21 + 1 ,tr+ c m „ sin*r)+ 


+ 2 a*/-. 

u.in-yrr 

^ A '“ «(«W+l)*r+ /to*.., sin */■)+ 


+ £''’]£fl!2 1 oos2«r. 

Ke now determine 
expansion for fj, fo 
( 30 . 2 ) takes or the f 

the constant E < ■ «1 . entering Into 

from (30.6). The normalization condition 

y !/„-?(. H-eff 


+ 

-■$> + &!>+. ..)<-<•<"! dr- 1. 

+ 3(1 H 

■*" + .. .)(1 — f/, (r)4- .. .) +■ 

- r*.',*' + f t 1 /' 4 -.. .) (1 - U, <!■) + .. 1! dr = 1. 
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In nondlnenslonal units, the equation being investigated 
dependence of u> + and It*) isi 













possible to speak 













The existent 


urve indicate: 


e possibility of 
for the temperature and 
f. There are no periodic 


density* « -v all points of the inere a 

solutions above this curve. The crystalline state is 
for temperature and density values lying be loir the cur 

Thls curve is defined by the foraula (equal sign) 


\ There are periodic 
I solutions 


I *fe«p( —— • 


( 31 . 7 ) 


I There are no periodic 
/ solutions 


vhere 2 rr i s the fundamental period. 
k + 

The experimental values of these qmntlttes are taoun to 
us frai the literature only for argon. The difference betveen 
the theoretical and experimental values is IS - 20* for argon. 

It is hard to expect a better agreeaent, if ve take into 
sccomt the approximate nature of the foraula for the kernel R. 

Passage frog theory to experlaent. From the experimental 
point of view, the calculation that has been sade raises the 
prinary question as to the confirmation of the qtalltatively new 
conclusions of the theory: 

1. The existence of periods and their gradual appearance with 
decreasing temperature. 

2. The existence of forbidden zones in the oscillation 
spectrum of the crystal near the temperature of fusion. 


225 





























In view of the presence of high frequencies of vibration. 
ilBtlon of heavy Ions my be Ignored, and they my be ccn- 
,s distributed with uniform density Independently of the 


where q^t) Is the Fourier aaplltude In the expansion 


unperturbed distribution function 
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The solutic 


of (32.2) is glo 


ntegral (20.?) 




h’J o'" 1 - 


(32.I4) 


A, ve, mentioned la Sec. 20, the situation 
faction coder the Integral sign defines 
solution. The egutton for the poles (dlsp 




(32.?) 


It connects the values of p end K In solutions of the type 


For 


Coulouto lew of forces 


•(*>-«« 



(32.6) 


He saw In Sec. 20, th 
<r (k) 0 leads t 

of density In the cou 
mde wore precise by 
the mgnltude p las a 


• the forces the condition 
change In the perturbations 
ts result is qtsntltatlvely 

• a given nave number k. 


We consider the dispersion equation (32.5) for the case of 
Coulorio forces. Without destroying the generality, we shell 
choose a system of coordinates with an axis x directed along k. 
Then egiatlon (32.5) will lave the fora 


nr f t— il 


(32.7) 



entering into 


the dispersi 

u ft distribution function for the stationary state-. 
,ecti«W w* consider an electron gas characterized In 
jty state by the Maxwell distribution fmet ion 


wi eqtation 

In this 
the station- 


(,) _ N (£ij ■■ 


(32.8) 


,h«r« .-^(i’ + V + O 

and Integrating with respect 


. Substituting (32.8) In ( 32 . 7 ) 
7 and C, , we obtain: 




Here it is convenient to Introduce nondinensicnal tagnltodes. 

We take as the unit of frequency the fanillar characteristic 
frequency of an electron gas 


We take as the unit of the wave nutter, the reciprocal of 
the Debye distance D 


°“T- -/*?■ 

Then the unit of velocity will be 




22? 
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^ichhere, too, uniformly converted In the Interval | x|<i _ 

rei nin9 -- 

-£f x, ‘~ 7 *'‘' x =-v &*• 










amplitudes c(k) are defined by 


Initial condition 


p(x.y.e,0)=.J»<*-f(*)rf*. 


Consequently, from (32.15) end (32.16) 


p(x,y,e,0-P(e.y.e,0)r'^. (32.1?) 


which coincides with the foraula obtained froa elementary 
considerations. 

Ve pass to the next approx In t ion, the calculation of the 
first two ncovanishing terms in expansion (32.12)) we tevet 

Here, too, we say without any notable error extend Integration 
to Infinity. We geti 

{(£)’ vs+(S)‘ 3 vs} - vs 

(32.18) 

Consequently, we lave the following equation to define u> as a 
function of ki 



3) is valid only in the case 
solution of equation (32.19) 


represented 


form 





oursc :ves to the first two nonvanlshirg terms. W e thus tav e, 
for a root with a plus sign, we have* 


=-l + 3 k*\ 

(32.20) 

that is, a further specification of formula (32.13). Passim to 
the usual units, we haves 


(32.21) 


1 root with a negative sign does not correspond to the initial 
assumption jrl | and it should therefore be rejected. 

Taking Into consideration that k is small, we my likewise write 

“ = “o+-§—**. ( 32 . 22 ) 

As has been shown, in the ease ( s(i)<o ), the oscillations 

are damped. Approximating the Maxwell Auction in accordance with 
formula (20.11), we obtain a simple result (20.13)s 



and likewise the diffusion character of the oscillations 
32.23) were results obtained in work over the period 1938 -191*5 
if' the monograph, “Theory of Vibration Properties of Electron 
&s and Its Applications."). 

i , 1 " 19l *6, Landau gave further precision to results (32- 2 3), 
evolving the damping. He assumed that In contour interval UZ.«/> 
}p5/!!!? tion undcr the integral sign could be prolonged into the 
naif plane of the complex variable as well (the expression 
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pole mltlplle 






equation (32.25) 




or, Inserting the expression fc 




Taking the moduli fro. both sides of the equality and 
employing the postulated inequality T>« > we 




(32.27) 


Further, the phase multiplier of the expression on the left side 
of (32.27) is to the same approximation 




Since the right side contains a positive real quantity, this 
multiplier must be equal to ♦ 1. Hence, Landau finds 


(equating here 3 TT , 5 7r should tfctaln, as can be 

shown, not the closest root of equation (32.25) to the imaginary 
av<,). Together with the definition of mgnltude ^ this give 


—/I4- 




(32.28) 



implicitly defined by equation (32 27 i 
the frequency and the 







(33.3) 


?,(<) = / 0,(|/--|) ? .(T)rf, f 

Etpatloi (33.3) has a solution of the type 


f 0,(1) cos »(<//= l 


Iffl 


(33.6) 




law of forces and the 
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n sequent ly. 


Eqwtlw (33.5) assumes the font 


(33.?) 




(33.10) 


We Introduce the nondiaenslonal wit 


and ve obtain the fundamental solvability criterion In the fora 
of the formula 


which gives the dependence of to * on K*, In Implicit form. The 
right side contain the special fwctloni 




(33.12) 
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Integrating by parts ■«* ‘* kln 9 lnt0 * cco '*' t 



* (33.23) 

The form of )£? Umu *" “' bll,vy - “* con,1,5 * r 

lt /ft(Ky . Ml the particles have the seat 

aero velocity. Then me lavei 

Tr- V i-'- (33.21:) 

Mat Is, ■ wellHkioim resalt. 

2 . 0 + U* - /»li -1.1 j; ] . 

that Is, the distribution by velocities Is glvtn In tl 
rectangle with sides * t 0 » ♦ K o> *•>•**> gives 

£-£{»<i+w-.,t-yj 


(33.25) 



(33.27) 






,0 Signs. In the more general case, the presence of several 


|” = 2fU*( t - E ‘ + T)-‘( E - E ‘-T)} 


neglecting the dispersion of velocities li 


Recently, Haeff*, Pierce and others have applied the dispersion 





























( 33 . 36 ) 




Here, as in the case of longitudinal waves, we shall seek solutions 

for ?«'> (r. v. t), e(» (r. (), *">(r, <) in the fora 



( 33 . 37 ) 


>s a result of the condition 

the naves are transverse. The interrelations vectors e^, h^, k 
li deterained by the eqmtlone rol«i'’ = — ijhm .which 

likewise links amplitudes and 


»ve^ 9 the thlrd of tf * sy5te * f " tr * DSV * r ” 

- 1 [*A,| / <’(•)*■ 

Taking Into account the preceding relationships for amplitude 


2li? 



'7*A +T \ ®*S'(«)*>. 

If ve now take Into account that 

then the preceding relationship acquires the form 

^ C vfi'tvidv. 

(33.38) 


or Multiplying by right and left, ve haves 


\ = f (*,*» C («)'/« (33.39) 

Thus, the amplitudes of the fields! e^) and h^), by means of the 
relationships cited, express, by Beans of the amplitudes, the 
distribution function gu' 4 ’. To deteralne the latter, we make use 
of the first of the Initial systea of equations for transverse 
waves. Ve obtain! 


■>—(toil «»>(•)_. 


7 l®*»l v «/o 1 f » J 1 


In view of l»*»IV,/, = 0 the action of the force 

7 l®*l ant optically drops from the calculations. Finally, the 
equation for the unknown amplitude gfclOfv) has the form 


W.V, j- (f v) 


-n 


(33 M 


for transvers! 


1 Integrating for 
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(33.1a) 





as the unit frequency the characteristic frequency of the electro 
plasm 1 then the unit of the nave number will be 


Introducing these quantities into the dispersion equation, 
we geti 



where v is the thenal velocity of the electrons VJf 

Assuming 7Cl, we express the expression aider the 

Integral sign in the form of the series, as in the case of the 
longitudinal wavesi 

r ^|7='+f57-)+(^T^+-- 


In the case of longitudinal waves and the validity of such 
an expansion is limited by the condition /h*/ < / . In the 
case under consideration, thanhs to the presence of the factor 
— , the domain over which the expansion Is valid Is broadened. 
It is only required that 




(*?-*■+(?)■ 
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Degeneration 


With Golditar* the vibrations were considered for the case in 
»hich an unperturbed electron gas is described by a Feral distri¬ 
bution function (the stationary eqwticn is satisfied by any 
function sysmetrical in the velocities)s 


OU) 


■*1 Is In the state of degeneration. The degree of degeneration 
Is characterized by the snallness of the otgnitude ■ ~ ^ > 


author's monograph, cited a] 


I. Goldaan. Zh. E.T.F., 
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where E n is the mximur energy of the Fermi distribution, 
0. XT. We have, from the normalization condition 



In metal, at room temperature, £ is of the order of 
several thousands, and the second term in parentheses, of the 
order of 10-5, very smll as compared to unity. 

Dispersion equation (32.5) is written down asi 


! 8«V 2m> (•_ 


(31*. 3) 


Instead of 



, we introduce the relative velocity 


»=/fr=K^/{ 1 -a* a + (3U.1.) 


Dispersion eqoation (3l*.3) assumes the following form: 


contour c enveloping the point u » v. 
The function of a complex variable 
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a) At the points H(u2) < 1 tenrts to ^ 

b ) At the points R(u2) > 1 tends to 0. 

If R(v*) 1. then tn th « ““ of <=«Pl«t« degeneration (£-+, 



Dispersion eqi»tion (3U.7) will be satisfied if v is reel 
Ij p . . is purely ixnginary ’ 


(Hi.7) 

thet 


long naves (k—eO) by expansion in a series, 




(3U.8) 


For the 
witten asi 


» = «(l + 2e ’[^ + 'J) 0U.9) 

type of solutions, the dispersion eqation is 


, + ^f^rna =0 . (3k . 

vhere the integral should be taken in the sense of the princifal 
«lue. In the case of degeneration, calculation gives: 


(3li.ll) 


s “ that for <d > kb, the previous result is obtained. If " < kb, 
* '•’tain a nev acoustic branch, passing through the point k • 0. 
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nondlmenslonal qmntities 



where c Is the characteristic velocity In the distribution f , 
II is the concentration of the particles, and ci 0 the 0 

characteristic frequency of the plasm. We then obtain: 



In what follows, we oait the ♦ for all the quantities. In the 
transition <•» —►O, three separate cases Bust be distinguished 
depending on the way in which the point 









(35.7) 


w stall »«kc -->0 ( w> 0). 1 




The dependence of the finctlons being sought (the potential 
»nd the distribution function) on the coordinates and the tlae is 
deternined by the expression 


(35.12) 



(where now the sign (-) is the upper and (♦) for the lower 
lalf plane), fro* which 


,» = i(-J, + VW+ Ua) a ). 

*•_.!(+./. + /(/, )» + (■'.)*) 

(35.13) 


(the sign (♦) must 
X and K are rca 








(with « - 0), p • ik and (35.10) 


In the first two cases, there are waves with decreasing and increas¬ 
ing amplitude 


exph'af — ,a — a >0, i>0, l 

esp(iW + «'x — «>0, *■ = — *>0,j (35.16) 

and in the third case ( X ”0), nondamping waves 

exp(,w-/far). (35.17) 


• eqtation of dispersion for wl 

The direction 
determined by tl 


h has been analyzed a 


-(tl., 

^(tL- 






t 51 ^ ( S .,- 1 (35,18) 

We teve from (35.12)* A- = 0 



or In dimensional unit** 








(35.27) 


called "leading sol' 
dispersion eqaitlon 
linearised eqtaticn 


is decreasing in amplitude 
* particli 
>ur start li 
» ^ticular re] 
the following f< 

- 4 « /(/-/„><*. 


wheat 


(see Sec. 9), then 


- 


(35.29) 


In conformity with what has preceded, we shall seek a solution 
in the form 


<p = To«‘-' - ", /> = « + /*, u > 0. * > 0. 


(35.30) 


This solution, as we have seen, corresponds in the dispersion 
equation to a position of the pole in the upper portion of the plane 
of the cosplex variable 


Upon stbstitutlon of the proposed solution (35.30) in (35.29), the 
integral appears 

or, carrying out the substitution t—/_,> 0- 




( d ~ 


that is, on condition th 
integral disappears, and 
solvability of equatlai 


lk, K > 0, then the second 
following condition for the 









CHMTER 


THEORY OF STRIATIOHS* 
Section 36. Introduction 


It 13 known that under the conditions existing in the 
positive column of an electric discharge at sufficiently low 
pressures, the constant flow of electrons in this collar in 
certain cases ceases to be spatially homogeneous. Periodically 
alternating regions of maximum luminosity are formed, which can 
be visually observed. There Is also a periodic structure along 
the tube for the basic qimntltites characterizing the discharge 
(electric potential, density of electrons, average kinetic 
energy of electrons). This periodicity arises for quite definite 
values of the gas pressure, current density and difference in 
potentials at the ends of the tube. A discharge having such a 
structure in the positive column has been called a striated 
disclarge, and the lndividiml layers In it are called strlatlons . 

The fundamental properties of this phenomenon arei 

1. The strlatlons are always formed abruptly, as soon as 
the parameters of the discharge attain strictly defined values. 

2. The phenomenon of striated discharge has so sharply 
mrked a periodic character that diffusion schemes are seen at 
once to be inadequate to describe it. 


3. Strlatlons are observed even under experimental conditions 
where the ordinary kinetic gas theory picture of "collisions" of 
electrons with atoms obviously does not correspond to reality, 
for erample, in oases where the length of the free path of the 
electrons is considerably greater than the dimensions of the bulb. 
This last fact indicates definitely that the strlatlon phenomenon 
cannot be understood and explained on the basts of the ordinary 
pattern of kinetic theory. Rozhansky, in his 1937 monograph 
"Fiziha gazovovo razrlada" /Physics of gaseous disctarges/, 
describes the theoretical problem as follows! "At the present 


time, cnere is no satisfactory theory of the stratification of 
the positive column. Obviously, it can only be explained by a 
theory that shows why a uniform distribution of ions and electrons 
becomes unstable under certain conditions." In our theory, the 
ph^iSl 1 * ° f strlatlons 13 ba «' 3 on the following fundamental 
























* (0 = 2 


(37.3) 


grad. J K (|r— ®( 




(37.li) 


yhere, as In the preceding chapters. 


’(*) = 4* !>(.>) iijji 

and ve obtain from equation (37.2) the condition for 
In the given class of function 


(37.5) 

solvability 


!=y Jo. (<-r)*+^Jo,((-T)d:. 

In vhich we have introduced the notation 

f, ((_-) = ilii | i*.(»-n(,£grad,/,) dv. 


(37.6) 


(37.7) 


- x, we my bring equation (37.6) Into 


| 0»«M/= 1, 


(37.8) 


Into account the fact that G^x) - - Ok(* *)• 


between the particles 
lations (expressed by 
iloclty (all included 


37.8), there enter the f 
s (expressed in <T W), 
y k), the temperature, de 
J in f 0 ). Satisfaction o 



,f condition 




(37.6) gtmrantees the 


of periodic solution 


initial fmotion the distribution of tl 


We nov nske the expression tl 
introducing Into 

velocities of regular motion v<j. Then f 0 - f 0 (v'2), i 
l, . v - vn. noting that f 0 enters only Into 0*10, a, 
therefore'denoting this function by the e.— 
for f 0 in t< 


is of G' k (t), ■ 


(37.9) 


Hence, 


J'i*gr.d^/ 0 (o")do'=,-'*'•<0*<(). (37.11) 


In this way, the drift velocity of the electrons enters into the 
factor e* Ilw 0t, for G),(t). 

Substituting G'j,(t) in the fundamental formula (37.8), we lavei 


f 0*(() cos kvjrt t = I. 


(37.12) 


ocity jo enters directly Into i 


condition 

■ltatlcn 


(37.13) 


to an electron gas. 
distribution 


We take* for 
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vhere 


(37.1U) 




Here, as we likewise saw in Sec. 32, 






(37.15) 


V« now calculate G^(t) j in our case 


ind, consequently, 


Urn there is the tabular Integral 
J sin 

w, consequently, we lave at last 


(37.16) 


(37.17) 


a k u) 


(37.18) 
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Formula (37.13) 




(37.19) 


account (37.15) and going o\ 


=- — £». T. : ) or, taking 
to nondimenslonal magnitudes: 



(37.20) 


We take note of certain properties of the special function I (SX)i 

1. /(«) = /(— Q). (37.21) 

2. For 8»l 


~tt/« 


(27.22) 


Defining 




we have for 


decreasing least rapidly 


(27.23) 
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function^* expressed cnty [ n cufuUttag G^t)'md b it i i n 
JJjSrtl that the dispersion eqmtlon^ d 11 l * 

as well IS changed. As ve shall see below, the results can 
oily b« gained in a convenient for. for low te^enrt^ 

tie oust calculate (37.7)« 


(38>i) 

He note first thi 

St 


/»=/«(■). 



Ve my therefore 

vrite (38.1) again as followse 

Ve calculate thi: 

(38.2) 

s integral! 

—* 

) f»Vo | | <- , ‘ M eln«-d« = 


“ U J J 7T 7/11 ‘ sl " 9, ' l_ 

- 

^ irC f^-A-e-4 


(38.3) 
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(38.U) 


distribution 
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approxlJBtien (In the 


(37.12) has 


s( ,J T^)'" 

(38.9) 

„„ integral la taken by parts 

— » + T / 

D* last Integral Is the Halt of the Integral 

F _. c »»:v-c»»M ifT . ' In *'+B 

} ‘ * ”2 e'+fl (38.11) 



(* 

In this vay (38.10) equals 



l! transform this expressions 



(38.9) assumes 



(38.12) 





l7f-|J 


Setting thi talur «(*)-^ and Introducing tl 


eslpfttioo 


to lF^Ti) 


‘7T 




that !», 


(38.lli) 
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(38.15) 
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_•-£> (V'"‘.■(«,)/„<*' 


If VC Introduce Into the distribution function f 0 (v) the 
velocity of regular notion In the for* f 0 - fo(?_ - v^), then 
as ve have seen for this case In Sec. 37, 

o;(f) = r-‘*'G.(/); o 0 =(: 0 , 0, 0). 

Then, equation (39.1) Is reduced to the for* ( Ibid .) 


Jg* (0 cos (-—« 0 . rft _ 1. (393) 

vhlch connects u and K, •? o entering as a parameter. This 
equation Is a generalization of the dispersion equation for the 
case when velocities of translation are present. 



In other words, shifting strlatlons, like stationary strlatlois, 

Wong to the class of solutions of the type fy/L ‘ **■>, 

2 being different frcsn zero for shifting strlatlons, and 

‘instituting the velocity of their propagation. 
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« ted for Coolers faw K ffj = f ( 37-15) 


»<*) = 




UiO.l) 


vhere 8 is a 
dtsension of tr 
previous eqteti 


snnth equal in order of *gnitude to the 
space. From this there follows, not the 

s (37.20) “ 

*’=.4^/(0), 


but the eqtetion 


(U0.2) 


Herr 2«.j£ j for the left side of this eqtetlcn, 

ve introduce the notation —^-=/(*) . Eotetlon 

5 

(lfl.2), although very similar to (37.20), nonetheless gives 
essentially new results. The function f(k) breaks up into 

sjarate branches at the points of discontinuity k= ' in (n fO) 


to " ■ 0, ve have /(*>=_£ . At the points 


'“7( 2 »+l). /i —o. I i , the fwiction /(*) coincides 

2 

the corresponding points of the parabola— . C capering 


to graph of the left and the 
“Ktatere*" the C0n ‘ ,ltl0n9 


r right sides of (U0.2), we 
for'the for* tier of the sc 
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necessary that 


fqtttton (!|0.2) to apply. It Is 

*Jmis/(0) > mln 0 /(*) . Hence, we obtain condition 

*!>[;- (*«-»]' 

for the n-th branch. In other words, a ^ ; 2" Z. 1 








atrlatIons 



















CHAPTER IV 


«ve mcrarriES of kdia cogistir of heuthal particles 

Section 1*1. Soae Peculiarities of Wove Propagation 

The dispersion e<T«tlon defining the dependence of oj on 
| k , to STIo*t £n«l Ter. for MT forces of Interstice, 0, 
^•fcltlnl distribution function has the for. 


£.f TT* ” (l*l.« 

for f 0 . the Ifcwcll distribution fmctlon ue have* 


f klele* ^ dp 


‘-/f 


Foraule (1*1.2) Illicitly gives the dependence of u> on k. 

In Fig. 12. the right greph refers to function I(v), end the left 
curve the dependence of the left part of (1*1.2) on k, defined by 
the cleracter of the force of Interact Ion. Assigning star velar 
k, vc c*n graphically determine v, and hence by the fertile 

» • , ve oen find u) . Here v Is the ph.se velocity of 

proportion. As has already been pointed out, the coarse for 
the relatUeishlp I(v) th«t las been given re*lns valid In Its 
general outline not only for a fewcll distribution fvrctlon f 0 , 
but also for a very bread class of fiewllcns. Accordingly, 
vt«t will he obtained froa ration (1*1.2) will In general outline 
retain Its significance fee a broad class of distribution functions. 
Ve Indicate a ntefcer of general properties am' peculiarities of 

the fa-mtlon of wave fon»tlcns. 






(1*1.5) 







































( e consider the Integral depending «K( f ), 


If function K( f ) > 0 decreases monotonously (monotonously 
owrraslng forces of repulsion), while Integral cr(h) cnwerges, 


Ue stall now assume that this condition 0’(k)^ 0 is 
attsfled far any k. Then, taking Into conslderaticn 


*mymIU the Ineqmlltyi 


JkW-^pX _flf<P)pVp. 

It follows from eqmtlon (lil.l) that if there Is a 
wl< > then the condition Is satisfied: 
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CHAPTER 









1 = V«)5W. (1,3.3) 

[> for the force F Is 


(X, 0 = £ V (0 5(4. Ou-li) 


distribution functlc 









fl* eqiation for the first approximation Is 
%■+*%? +*/,— '**. >) -£ = *,(x. E, |). 

(Ii3.7) 


Wtlr'Four 1 " 


solution for equation (U3.7) In the form of a 
integral 


= JJ7 E)e‘-'n‘x,/„ (//i 


U3.8) 


pc right side in (U3.7) will 1* 




U3.9) 


An the coefficients of the Fowier expansion will be, taking 
Mt consideration (1.3.1;) and (Ii3.6), 






(b3.10) 


itoetheVu are the Fourier coefficients for the expansion of 
(wtlm V(t) (they do not depend on k). 

Substituting in (1)3.7) and eqiatlng corresponding Fourier 
coefficients on the right and on the left, we obtain a solution 
It the fora: 


/, = _i. ifa _L f f V ,<«<-(43.11) 

' m * “ i- + (»+*)s (1*3.11) 

"•Integral is easily taken from the theory of residues 

I f“ 

5 (U3.12) 

*•>0 and eqiml to zero for x 0, so that 
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rhc considerations Introduced here : 
,„mo not only to the operation of hi< 
Salso to amplifying tubes operating o, 



















« obtained corresponds to the 


of this fact is that 

-lie scatter my *=■ to introducing fictitious 

*>, forces, exactly conpensatlng the space charge of tl 

li l !” bean in stationary nr‘'- - 

_ * questio 

jjillltory properties of elec 


This fact indicates the 


n the problem here 


For the plane case, to 
tei 0 f cations (Irli.i?), 
ijyoxlffitlon, allows of an 


ue confine ourselves here, the 
the given condition of a zero 
solution far the case cx,—^ 0. 


le stall seek the solution in the fern of a doable Fourier 
integral 


/, («, E, /) = J| /, («, *,!) «•“< dm Jk, 

£,(«,«) — JJf, ('“•*) ‘ , ~ , ' ,i ‘dmdk. 


He obtain the following system of equations for the Fourier 

I*+(>*+«)!)/,(». *, S>+■£■»,$?-^ t'(•)%,) 

I (UU.5) 

JJjJJe coefficients 1^ and E( u) , tO are linked by the 


gif 


the following eqvatlon 
distribution functions 


define the 



(111*. 7) 




which Is solved In an elemntary way, and in a Uniting case 
a(—^0, we obtain for f^x, 4 , t)« 


'■ ,) -22®=‘T^lj/ E s+5i*5r* + 


where _4«N 0 £ — is the square of the characteristic frequency 

of the electron plasm. 

All the man quantities obtained from the distribution function 
(Ui.8) are expressed by eleaentary functions. 

The expression for the value of the density Py of any 
quantity connected with the electrons in the bean 1st 


(x, <H(x. i) = /t(x, i)/(x, i, / )<(Ei 
s of (liU.9), w« obtain, for x > 


f. = A«(x. Eo)|l+^ J- S in=x-^—al-(- 
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The fundamental characteristics 
are obtained from (uiao), if^t 


density of kinet 

f ( M.)* /, i t , 


^density 

clergy 


first two terms of the formula (U3.l8)t V * 



Making use of (Ut.lO) in the second relation of the system (Lb.5), 
we have as o<—*-0, an expression for Eji 



Comparison of (Ui.10) and (Ui.ll) shows! 

1. The limit of applicability of the theory of noninteracting 
electrons. Formula (Ui.10) goes over into (iili.ll) in the case 
<CI. In this way, only in the ease ttat the length of the 
beam is considerably less than the characteristic length 0 = —. 

vill the calculations based on the hypothesis of noninteracting 
electrons be correct. In practical units 

(V in volts, 

JO In amperes). 

1&3 volts and current density 



Interval 



motive force Induced In It by the varying space charge of the bean 
For slspllclty's sake, let the oscillatory system represent a 
Thompson circuit of the usual type. Then In the cpasl-statlonary 
region, by Ohm's lav 



(Ul.lli) 















i ns 


efficient of 


f-Inductlon of 




(Ui.U) 


« ^ } s co^lete potential different, 

,ds, conditioned In the case concerning us both bv tl 


(grids) and by?tl 


**- •>—f £*.<«, 

1 1 1 (Ui.17) 

C Is the capacitance of the plane capacitor (grids) in 
uo: E e the strength of the electric field In the beam, previously 
:ulated (1U4.12). Consequently, the eqxation for the current of 
circuit will bet 


L &+Ri-Z=l EUi, (u,.i8) 

from which It Is seen that the role of the electromotive force 
Is played by the expression 


t™= [ El ill. 


(Ui.19) 


Substituting the express 
field In the bean (hh.12) and 
grids V(t) - V 0 cos ut,* 


Ion for the strength of the electric 
assuming tfat cn the first pair of 
obtain for the electromotive forcei 











Is of length 


nondlaenslonal quantities. The characteristic tsiit 
and tine for an electron gas are: 


" 1 = ^ • 


(US.U) 


Where /"n T Is » unit of electron concentration, still to be 
established and T the temperature of the cathode. 

The role of the units of velocity of potentials aust be 
played by the following tpantltlesi 


(liS.S) 


(U5-5) 


unit of electron concentration by an 
of current density. We require tint 


!/'! = ■ I 


(1*5.7) 













a distance x,, 


froi. the cathode, there 1, . 
we Introduce the qualities 


Potential 


(1)5.12) 

(15.13) 


ml we stall seek a ^taU^yry solution. Integrating th 


i/ 

K ^ du * °' <U5.Ui) 

% = i ,d " (15.1S) 

m the boirulary conditions asi 

/ *,(-£) fcrOM-l,. 

(1S.1S) 

for u<0, : = V 


^ the Indices , ano j, ue designate qmntit 
nthode and the anode, respectively, thus, for instance, ij , 
«“ »9nltude of the cathode potential vith reference to the 


e designate giant It les referring to th 


Eqvatlan (Ii5.Ui) has the obvious solution 


,(!). (K.17) 

*t this solution at the base of the construction of an integral 
■sfylng boundary conditions (15.15). 
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t(» and €( 
fornally satisfy this eqtsition. 1 







( 15 . 23 ) 




Each of the stamands satisfies (Ii5.11i)> Just as each factor sepa¬ 
rately satisfies ltj on the other hand, conditions 05.16) are 
likewise satisfied since, for example, for £ = » > n 

we have €(!£>— 1. €(-I> = 0 and 


If the course of potential Mti were Known, then (15.23) 
would solve the eqiatlcn, but t, (£] Is not known, so that It is neces¬ 
sary to substitute 05.23) In the second equation 05.15) and solve 
the eqwticn obtained for r,(t| . This eqtatitn has tlie form 


T? “Jyj' (t “ + + / *«(t “ '• *)■'“■ 


0*5.21) 


Introdvelng the variable of Integration *= ~ — r„ we trans- 
fora It Into the fora 


&“ 2 J<€(-«*,<»+V+ €«)»,(»+vi ~. ~ 

■ L j (*.( l +V+ *,<>.-! v; . 

This Is an equities! of the type 




so that, performing the Integration 


(1*5.26) 



'».(>!) for 


i < 0, 


■".(’ll for ; >0 0*5.28) 

+/u.ft+^+,,u +vllKrR _ yr|-i|i 

(US , ?) 


The course of the potential Is given by the foraulas 


= (1W1 for 5<o, 


== *» I’ll = JV 


Since 4 j - ? . is eqtsl to the distance between the cathode and 
the anode (In the new onlt), we obtain the foliating relation between 
►) ! and 7 ?» 


Further, the anode voltage cqtnls 


t.-1. =- v ‘- (1*5.32) 


The 


slty of the complete current 



Equations (45.29) - 0*5.33) give, 1 
character 1 Stic of the diode, that Is, the oepe 
current on the anode voltage (and ealssion). 

He consider the following particular case 

f.i’,13)=/V-\ 


This means that both electrodes have the same temperature, and 
current density J* egval to 


(U5.35) 


(45.26) 


then the distribution function f obtained by formula (45.23) equals 


(45.37) 








usual units, we havei 

*,w-|v. ft-o. i-jr* (h5M 

, H. ' Jata-buc tT'd. RadioKt. u. Elektrcnik l£, 205 (1918). 
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and i» take for 


, valve of the density of the anode cur- 
lit 


/>"' = 


(U5.1oa3 


*-(i) “ '7f| J'-‘ iKi+T - Km dK 2 jVYi+ra j 


*.,, = ei-l±{-^V-V.E,f(V)}. 


(U5.U3 



Froei this, there follow the approxlsaite foraulas for sseill and large 

for 1<1 (U5.U5) 

♦.W=h'-^V_ 1 + 0 ( ,-r ) f<a-T|»i, 

*, ( ’l ) -^j , l , '{ | -^i, - T + i,- , + 0 ( v , )J for n3>l. 

The coarse of the potential, as obtained as a result of nunerlcal 
Integration by fcrmla U5.U3), Is represented In Fig. 19. 
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CHLPTER VI 

ELECTRO! PLASH! IS HYTRCOmMC APFROCDfcTIOl 
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and eqtfitlon of system (I16.IO). 















CiwS.l?) 







flow. 


In the first equation of (I16.I6), the tern ~~ a f< 

Is added, and In (U5.15) Vo f f*r using Green's theoren 


•Pc =-«?«/ (H r * d ?)’ dx + oo 0 (Il6.21) 


The first tera mast obviously be Interpreted as the spatial loss 
original expression (li6.19) for the flow. 



foilwing 




'“Tm. H-i*. +Ji Oui=0 


0*7.2) 


The condition for the solvability of this systen is 



0*7.3) 


The roots of this eqifitlon give dispersion lavs of the fo 


1) 


(1*7.1*) 

0*7.5) 



The first root, after insertion 
relationship between the amplitudes* 


(1*7.2), gives 


following 


Ptysically, this solution corresponds to a trivial case, the trans¬ 
lation of the entire plasna as a whole without an- 1 changes In dens¬ 
ity. The relationships aaong the amplitudes of (1*7.6) express 
nothing but the equation of action for this case. 


dispersion law for longitudinal 






























R-ta (where a Is the radios and £ the charge of the sphere), 




longitudinal 


K define the energy lost by the charge per second. 

Substituting In (U7.17) the expression for $ frta (U7.15), 
Lnd correspondingly for f ve find* 
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therefore need not perform the calculations, but we make use directly 
in our problem of the well-known formula for the velocity of scattering 

of packets, substituting for “ In It. Thus we have for the 
effective width of the region of perturbations at time ti 


*:-■ * 5 +(£)’'*• 


(U7.32) 


where the 5 "q are the linear dimensions of inhomogeneity at the 
initial moment of time. 

Consequently, the vortical perturbation set up in the plasma 
vibratesbith the frequency <U 0 ln addition, scatters. We can 
ctoracteriae the rate of scattering by the time in the course of which 
the dimensions are doubled. For this time, we have (substituting 
in (47.32) 6,=s28 0 ); 


and since by assumption the linear dimensions of 
batlon are greater than — , we find that the t 
is greater than the period of the pulsations T 0 = 


(1*7.33) 
region of pertur- 
for the dispersion 


U7.3M 


Hence, the perturbations under consideration vibrate with the frequency 

0, and scatter slowly, as compared with the period of the oscillations. 

A similar state of affairs holds true as well for the case of 
longitudinal oscillations. 


Section 1*8. Method of Exciting Plasma Oscillations. 

We desire to discuss two methods of exciting oscillations, 

1. Exaltat ion of oscillation* hr a moving charge . Condition for. 
formation of oscillations and of spectra of radiation frequencies . We 
consider the change in the character of the polarization of plasma in 
the case when a point charge moves uniformly in a straight line through 
it with the velocity v 0 . Let the motion occur along the a axis. The 


3U2 







(ua.i) 


the density of the charge of the 
Beans of Dirac«s Delta Function, 




P. (*. y. 


0 = e8( J r)8(y)t(r_„ 0 . 


The prd)lea reduces to the solution of a system of equations 


4.1.=.i«io_4*p,(r. y, z, (), 


(U8.2) 


with the corresponding member p, , which represents the given function 
of coordinate and time. 

The general solution of system (U8.2) will be sought, as previously, 
in the form of Fourier integrals for all the unknora functions! 


*= f •***>. «= jVv 

(ae.3) 

We represent the given function p.(z, y, z, /) likewise in the form of 
the Fourier Integral 


,<„,0=Jp. 


(U8.U) 


The Fourier components of this fimctic 

p- = -sr.f 


Substituting the proposed solutions ir 
a system of eqoations with respect to 






our initial equations, 




3U3 




Because of the presence of a specified direction of an axis, we employ 
a cylindrical system of coordinates (p, 9 . r). I" these coordinates, 
expression (U8.S) is 

P- = P-(e.f) = S^ (1,8.7) 

The equation for the Fourier component for the change of density 
is obtained from system (I18.6) by eliminating 9. and «>„, and is 
(outside of the singular point)i 

or, in the cylindrical system of coordinates 

The solution of this equation is 


(U8.8) 

(U8.9) 

(U8.10) 


7 V 


To determine , we employ Poisson*s equation and 

of this equation is a cylindrical function, then w 

setting 


since the right side 


(U8.11) 

0 the follow- 


In connection with expression (U8.10) and (U8.il;, this equation 
determines h u and the connection between C_, and A^, , namely, 

3UU 

























































1 portion of (U8.I1O), frco which by m< 



? «<4 


Inserting this in formula (ItS.lil), we have, averaging for the time: 



losses in energy as «-»« 0 , and makes it possible to establish the 
cmdition for the applicability of the expression for S z . 
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n oscillator corresponding to a 

n of the plasm with frequency 


surface oscUlatio^Twilbe*"" 97 UP ° n pBS5in9 throu 9 h the regia, of 


'> employing the expressicn for E in (Ii9.l8), 


(1x9.26) 










































= f »W»0-)J( 2 _ v)r . 




Substituting the assumed solution 
components!" 9 


In our Initial equation ire 
with respect to the Fourier 


4 ? „- 

+ «?„ + ^"» = o. 


(50.6) 


Naturally, 
Integralsi 


solutions In the form of Fourier 


(X ' >• - 7/«L (*j.) €<>L’dk L . 

*“ (*, y. t) — e ' * 7/*.(* L )«“ie<tt 1 , 

*“ !'•') = ' ‘ **7/ ?-. 


where k x Is a vector with 
the known function p tB> t 


hy. Siailarly for 




(50.8) 


p.»(*j.)“ (2c)) J ^ 

Substituting these expressions In the preceding system of differential 
equations, ve now obtain algebraic equations for the components, the 
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J /c(<0 Vii+7* y^+? 

;Ing advantage of this, we get* 


JW-*- 

___L_L_lL <50.18) 

- /<W 

re «»«• “n + V • For *'<<> » W€ obtain the sane equation, only 

h the + In the Index of the factor 

write formula (50.18) in its final fora as follows: 


**' V ‘ T Wr' + j,(i-vS. 

1 for 1 ——so, respectively. Formula (50.19) give 


(50.19) 
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change in polarization depending on the velocity 
charge. For ,.-,0 (50.1?) g0 es over into the „ 

for polarization in the Debye-Huckel theory! 


m flattened in the 



(50.21) 


Since under ordinary conditions in the plasm a <C« 0 , the role of 
friction is unimportant. As will be seen frea (50.1?), it Introduces 
an asymmetry in the density distribution vlth respect to the plane 
t— jp = 0 . The friction only plays a notable role fer velocities 

in the Immediate vicinity of the critical velocity v_j it must be 
taken into account If the terns containing * are comparable vith 
the others. This gives the following eondltloni 


< 5o - 22) 

from which we find the order of width of the velocities interval in 
the neighborhood of vj, for which it is necessary to take the r 
into account 

(50.23) 


Since 

snaUi Av 0 <S:*t • 
with friction may b 


the width of this interval of 
In the rest of the region, the 

ignored. We now investigate th 


velocities is very 
effects connected 

he case of high 


36? 










longitudinal 


2. The second characteristic property of the formula that has been 
given is that in contrast to the case t>„<or , polarisation for 


(J, y Vj is variable In sign and has a periodic structure in the cone. 





and ««c® 0 (see above), ve have for the 


(50.11) 

spatial 


periodically varying li 


<e course of time, i 


-(W~4r 


h the cyclical frequency 




r >*s 

velocity of light. ** “ ves ln P^saa always exce 
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Fig. 20. 


Changes In the state of polarization 
dependence on the velocity of the 





The last eqmtion is the equation of the family of hyperboloids with 
a common asymptotic cone (50.29). 

Ve now consider the case of high friction, that is, T—jjr<°- 


All the calculations are similar and the result has the form 
0. if I -{-<0. 


->T7 >0 - (50.310 
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Ing F jTj * lte ™ tin 9 currcnt * u* general solution of (51.5), assum- 


| (51.?) 


In this case, the temperature difference Is made up of two components 
°" e , l l alternating. The harmonic port gives the fluctmtlons 
of the double frequency as compared with the current frequency. It Is 
characteristic that the amplitude of the alternating component depends 


(51.10) 


The value of the qtentlty that plays the role of the time for estab¬ 
lishing energy equilibrium between the electron and ion gases, as well 
as the neutial particles, is obtained If we take into account the energy 
exchange between the electrons and the heavy particles. For a not 
excessively large velocities Interval, It Is possible, as a first 
approximation, to take Into account only the exchange energy upon elastic 
impact between the electrons and the heavy particles. The energy loss 
of an electron of nass m upon collision with a heavy jarticle of mss H 
upon one elastic impact is of the order of ngnitude 



the laws of conservation of energy and momentum. 

The energy loss in unit time Is obtained by multiplying AE by 
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+ “Ift+%■,— 'r. 4 *^' 


(S2.M 



The general solution of system (52.U) may be represented in the form 
of a superposition of longitudinal plane waves 


Substitution in the Initial system (S2.U) leads to a simple 
system of eqmtlons for defining the amplitudes 


W + (*Ji—’+»r* , )P!“ 0 - I (52.?) 


The solvability condition for this sytem gives the following dispersion 
law for longitudinal wavest 




This formula applies for the general ease of a 

and includes within it two different types of 

corresponding to the two values of the root. 

Formula (52.6) can be simplified. Ttat t 
Interval of >&, the quantity where 


Jnlsotherml plasma, 
dilations of plasss 

since over the entire 


4 1(—oi 4. + -i, v’t.' »* + t? r v\ ><| 

K. + “w + K, + ^)*»|‘ ’ (52-7) 


series of S powers of t) . ** 


of dispersion 


decomposed in a 
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nn the basis of the dispersion (52.9) and eqtation (52.5) for 
determining the amplitude, we usually find the following relationship 
between pj and pj: 


(52.11) 


(since ei and e, have different signs), or for the change in concentra- 
ticn p;=m^W,): 


(52.12) 


For rays that are 




(*’<-£) view of the 
. Hence, it Is prisarlly 
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re *, Is the Coulcab potential of the charge moving In a 
*. Is the potential arising out of the effect of polari: 
the plasn by the moving charge. We then have for the for. 


* potential of the entire system (as the forai 
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*— wr/J 5 's-rv 

x+ A 

dt± (53.M 


(53.5) 


? 

The first integral can be exactly calculated. 
Introduce new variables *,=r cost (>nd *,=■<•«In? 

. Integrating 

for ^ and inking use of (50.1 $), ve Mrrei 


, * + 0} 

and with the use of the the ora of residues, ve tavi 

(53.6) 

J.7T^ ' <a 

(53.7) 

Consequently, 



(53.8) 

This Integral Is veil knovn In the theory of Bessel 
sohlt* Integral)! 

functions (Llp- 
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(S3.11) 






(53.1 


lie non pass to the ease v 0 >v T . Designating ] _ “’ T , > 


-A/Tj* 




Unlike the case *»<e T , the expression under the Integral non las 

an asymmetrical distribution of the poles In the complex planet 
three poles In the upper half-plane and only one In the loner. Con¬ 
sequently, the fields In front of and behind the particle differ 
slarply, and as a result, a retarding force different froa zero 
appears. 

Integrating with the aid of the theory of residues In , 
Introducing the change k x = tcos? and *, = tsloy , and Integrating 

with respect to <P , we obtains 


♦•—.•of 

(if «' = *- 


/ •• , v 't . 

’ V 


(eV h+ .Jf|/"jf + if ^ 

(if = »)• 

he retardation that interests us, . 
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Substituting this 


£ ' =i_ 2^J-i-"r 


It* last integral Is Hacdaiald's faction Kq of sero os 


(53.21) 


Since F^f —«£,|, >0 and taking into consideration ttat 

(53.22) 


(53.23) 

f the energy 


( ^ being Euler's constant), we turret 

TV V ** 

The retarding force is easily expressed in ter* 
loss over unit length F„ — § . «*■ - ^ ** 

loss of energy in the case «,>*rt 

.i l °(l + ^)- (53.2U 
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(53.Mi) 


TO 


cross-sect Ion at a distance J 


(53.U9) 


ie condition for high densities will be faraulated asi 

N * ’<T • (53.50) 


T • ■ [ 1 -(si;)T ,>l - (53.51) 

For usual conditions in plasna (see below), the criteria! attained 
is completely justified. 


To obtain the suanated polarisation Z , we aust Integrate 
with respect to the coordinates of all the electrons, taking use of 
the density n (Z k ) of the electrons in the beaa (53.36) 



U05 




s*tti«e 






(53.62) 


For velocities v Q not very close to v T (Ignoring 
In comparison with 1, quantity l = o • Therefore 


experimental conditions given a] 


it since a*- is of the order of tens of thousands and more, t 




















































